Correlation and vacancy-flow effects in binary alloys by Dallwitz, Michael John
CORRELATION AND VACANCY-PLOW
EFFECTS IN BINARY ALLOYS
Michael John Dallwitz
A thesis submitted for the 
degree of Doctor of Philosophy- 
in the Australian National University
September 1970
The contents of this thesis are my own original 
work, except where otherwise indicated.
M, 3".
M. J. Dallwitz
ACKNOWLEDGMENTS
I thank ray supervisors, Dr. A. J. Mortlock and 
Dr. C. E. Dahlstrom, for encouragement and helpful discussion.
The electron raicroprohe analyses were carried out in the laboratory 
of the Bureau cf Mineral Resources, Geology and Geophysics,
Canberra, and permission to use the equipment was kindly given by 
Mr. J. M. Rayner, Director, and Dr. N. H. Fisher, Chief Geologist; 
Mr. W. M. B. Roberts and Mr. R. N. England gave advice on the 
operation of the instrument, and on the preparation of specimens for 
analysis. The use of sputtering for surface preparation was 
suggested by Mr. E. Dennis, a fellow research student, and 
Dr. J. L. McCall, of the Battelle Memorial Institute, Columbus,
Ohio, U.S.A. Preprints of papers submitted for publication were 
provided by Dr. J. R. Manning and Dr. R. 0. Meyer.
The research reported here was carried out during the 
tenure of a General Motors-Holden's Fellowship.
CONTENTS
Preface.
Introduction to the Theory of 
Diffusion in Solid Metals.
1. Introduction i
2. Diffusion Equations ii
2.1. Pick's Laws ii
2*2# Tracer Self-Diffusion Coefficients ii
2.3. The Boltzmann-Matano Analysis iv
3. Atomic Theory of Diffusion vii
3.1. Mechanisms of Diffusion vii
3.2. Diffusion as a Random Walk. Correlation Factors viii
3.3. Applications of Correlation Factors xiii
4. Diffusion in a Concentration Gradient xiv
4.1. The Kirkendall Effect xiv
4.2. Darken's Analysis of the Kirkendall Effect X V
4.3. Relation between Tracer and Chemical Diffusion
Coefficients xvii
4.4. Experimental Measurements of the Kirkendall
Effect xviii
Part I.
Theoretical Investigation of 
Correlation Effects in Binary Alloys.
1. Introduction 1
2. Correlation Factors for Diffusion in Pure Cubic,
Tetragonal, and Orthorhombic Crystals 5
2.1. Correlation Factors in Terms of Exchange
Probabilities 5
2.2. Calculation of Exchange Probabilities 9
2.3. Evaluation of Integrals 21
2.4. Conclusions 26
3. Correlation Factors for Diffusion in Unordered
Binary Alloys 27
3.1. Manning's Symmetric Model 29
3.2. Asymmetric Model 34
3.3. Comparison of Models 52
3.4. Conclusions 57
4. Diffusion in a Chemical Concentration Gradient 58
Part II
Measurement of the Vacancy-Flow Effect 
in the Interdiffusion of Silver and Gold.
1. Theory 64
1.1. Description of the, Vacancy-Flow Effect 64
1.2. A Parameter Suitable for Accurate
Measurement of the Vacancy-Flow Effect 68
1.3. The Position of the Kirkendall Interface 72
2. Tracer Diffusion Coefficients in Silver-Gold Alloys 74
3. Experimental Procedure 80
3.1. Preparation, Welding, and Annealing of
Diffusion Couples 80
3.2. Analysis of Diffusion Couples 87
4. Results 93
4.1. The Kirkendall Interface 93
4.2. Porosity 96
4.3. Numerical Results 98
4.4. The Equilibrium Plane 98
5. Discussion of Results 101
5*1. Quality of Welding 101
5.2. Discussion of Errors 101
%3. Results from the Grain-Boundary Interface 102
5.4. Results from Tungsten and Carbon Markers 103
Relation to the Models Discussed in Part I 104
5.6. Comparison with Results of Other Investigations 105
5.7. Conclusions ^07
Symbols Used 108
Experimental Data 110
Bibliography 116
ABSTRACT.
Part I.
Theoretical Investigation of 
Correlation Effects in Binary Alloys.
Some improvements are made to the theory of correlation 
factors for diffusion by the vacancy mechanism in unordered binary 
alloys. It is shown that earlier estimates of the correlation 
factors are considerably in error for alloys in which the diffusion 
of vacancies is highly correlated. Applications to the theory of 
the vacancy-flow effect are considered.
Part II.
Measurement of the Vacancy-Plow Effect 
in the Interdiffusion of Silver and Gold.
The vacancy-flow effect in the interdiffusion of silver 
and gold is measured by a new method, more accurate than the methods 
hitherto used. The experimental results agree well with theoretical 
predictions, provided that the Kirkendall interface is assumed to 
lie at the grain boundary between the halves of the diffusion 
couple. It is found that inert markers placed at the original 
interface are unreliable as indicators of the Kirkendall interface, 
and apparently do not remain fixed in the crystal lattice during 
diffusion.
PREFACE
INTRODUCTION TO THE THEORY OF 
DIFFUSION IN SOLID METALS.
§1. INTRODUCTION.
The purpose of this preface is to show how the subjects 
discussed in the main body of the thesis fit into the general 
framework of diffusion theory, and to provide the necessary 
background material for readers who are not specialists in the 
study of diffusion. For more detailed discussions of the principles 
involved, the reader is referred to the books by Shewmon (19^3 )* 
Girifalco (19&4 ), Adda and Philibert (1966), Manning (1968c), and 
Crank (1956), and to the review articles by Le Claire (1949? 1953)» 
Lazarus (i960), Howard and Lidiard (1964), and Peterson (1968).
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§2. DIFFUSION EQUATIONS.
§2.1. Fick ’s Laws.
The simplest mathematical description of the diffusion of 
atoms in solids is based on the assumption that the net flow of 
atoms is proportional to the concentration gradient, that is,
J = - D grad c , (1)
where J and c are respectively the flux and concentration of the 
type of atom under consideration, and D is called the diffusion 
coefficient. In general, D is a function of the concentration c . 
Equation (l) is known as Fick's first law. Applying the continuity 
equation
3c
3t - divJ
we obtain Fick's second law,
^  = div(D grade) . (2)
Equation (2) may be generalized in a number of ways. For 
example, D is a scalar quantity only in cubic crystals or in an 
isotropic medium; in general, D is a tensor. In this thesis, we 
shall mainly be concerned with diffusion in cubic crystals.
§2.2. Tracer Self-Diffusion Coefficients.
By using radioactive tracers, it is possible to observe 
diffusion in the absence of chemical concentration gradients. In a 
typical experiment, one face of a piece of metal is coated with
iii
a thin layer of a radioactive isotope of the same metal, and the 
sample is then annealed at constant temperature. After the 
annealing, a ’’concentration profile" is obtained by measuring the 
concentration of the tracer as a function of the distance from the 
surface.
The diffusion coefficient is obtained from the 
concentration profile by making use of the appropriate solution of 
eqn. (2). Since the chemical composition of the sample is uniform, 
the diffusion coefficient does not depend on position, and eqn. (2) 
may be written
3c
3tt t  = D
32c
where x is the distance from the surface on which the tracer was 
deposited. It is easily verified that, provided the size of the 
sample is large compared with the penetration distance of the 
tracer, the concentration is given by
where A is a constant. This equation may also be written
(3)
In c
2Hence, if In c is plotted against x , a straight line with
gradient l/(4Dt) is obtained. Since the diffusion time t is
known, D can be calculated. The diffusion coefficient obtained in
this way is called the tracer self-diffusion coeeficient, and is *denoted by D .
Tracer self-diffusion coefficients can also be defined
for diffusion in homogeneous alloys. The tracer self-diffusion #coefficient for component i in the alloy is the diffusion
iv
coefficient which governs the diffusion of small quantities of 
tracer i into the alloy.
It is found that the temperature dependence of the tracer 
self-diffusion coefficients can usually he described by equations 
of the form *
D ■ Dq exp (- q /RT)
*where and Q are constants.
§2.3« The Boltzmann-Matano Analysis.
In another commonly used procedure for measuring diffusion 
coefficients, a diffusion couple is made by placing two initially 
homogeneous pieces of metal in contact, and is annealed at constant 
temperature. The diffusion coefficient, which will, in general, be 
a function of composition, can be obtained from the concentration 
profile by a method proposed by Matano (1933)» and based on an 
analysis by Boltzmann (1894).
Boltzmann showed that if the initial conditions can be
expressed in terms of the single variable u = x//t , c is a
function of u , and eqn. (2) can be transformed into an ordinary
differential equation. In the type of diffusion couple described
above, the initial conditions are c ** c^  for x <  0 and t * 0 ,
and c = c^ for x >  0 and t * 0 . In terms of u , these
conditions are c = c at u « -00 , and c « c_ at u =* 00 .1 2
Using the definition of u , we have
de de du _ x dc
dt = du öt “ 2 t/t du
and
v
3c dc 3u J_  dc 
dx m du dx ~ du
Substituting into eqn. (2), we obtain
x dc 3 ( D dc \ 1 d / _ dc \
2t/t du ° 3x \ yt du/ * t du \ du/
or
u dc d /_ dc \
" 2 du " du T  du /
Upon integrating, this equation becomes
_ I
u dc du
c=c
(4)
J c=c.
where c ’ is any concentration between c^  and c^ . For any given 
concentration profile, t is constant, and so eqn. (4) may be 
written
x dc
c*c
c=c c=c
Hence,
D(c') JL2t V dc c=c
c
n
x dc (5)
All the quantities on the right-hand side of this equation can be 
measured, and thus D(c') can, in principle, be calculated for any 
c ’ between c1 and c^ > although the accuracy will be poor for
values of c near the ends of the range.
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Since dc/cbc = 0 when c * c^ , it follows from eqn. (5)
that
C2
x dc - 0
°i
This equation provides a means of locating the plane x = 0 after 
the annealing: the zero of x is adjusted until the equation is 
satisfied. The zero so found is called the Matano interface.
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§3. ATOMIC THEORY OF DIFFUSION.
§3*1» Mechanisms of Diffusion.
It is well known from the theory of specific heats that 
atoms in a crystal oscillate around their equilibrium positions. 
Occasionally these oscillations become energetic enough to allow 
an atom to change sites. It is these jumps from site to site that 
give rise to diffusion in solids.
There are several different mechanisms by which these 
jumps can take place. Some of the most important of these are as 
follows.
[l] Interstitial mechanism. An atom is said to diffuse by an 
interstitial mechanism when it passes from one interstitial 
site to another interstitial site without permanently 
displacing any of the atoms on the lattice sites. This 
mechanism is most likely to occur in the diffusion of small 
impurity atoms which normally occupy interstitial sites and 
which can move from one interstitial site to another v/ithout 
distorting the lattice too much. An example is the diffusion 
of carbon in iron.
[2J Interstitialcy mechanism. An interstitial atom is said to 
diffuse by an interstitialcy mechanism if it pushes one of its 
nearest-neighbour atoms into an interstitial site and occupies 
the lattice site previously occupied by the displaced atom.
For large interstitial atoms, this mechanism is more favourable 
energetically than the interstitial mechanism, because less 
distortion of the lattice is required. The diffusion of silver 
in silver bromide is an example of diffusion by this mechanism. 
[3j Vacancy mechanism. In all crystals, some of the lattice 
sites are unoccupied. These unoccupied sites are called
viii
vacancies. If one of the adjacent atoms jumps into the 
vacancy, the atom is said to have diffused by the vacancy 
mechanism. It is well established that the vacancy mechanism 
is the dominant diffusion mechanism in fee metals, and it has 
been shown to be operative in many bcc and hep metals, as well 
as in ionic compounds and oxides.
many jumps and traces out an irregular path in the lattice. This is 
called a random walk. The purpose of this section is to relate 
random walks to diffusion coefficients; that is, to connect up the 
atomic and phenomenological theories of diffusion.
[100] or x direction in a cubic lattice. Suppose that initially a 
large number of tracer atoms are on the (lOO) plane at x = 0 .
After a time t has elapsed, the atoms will be distributed over many 
(100) planes, and if t is sufficiently large, this distribution may 
be regarded as continuous. We wish to relate the mean-square 
displacement (X ) of the atoms at time t to the diffusion 
coefficient. To do this, we note that under the initial conditions 
described above, eqn. (3 ) is the solution of Fick’s law. Hence,
§3»2. Diffusion As a Random Walk. Correlation Factors.
Over a period of time, an atom diffusing in a solid makes
Let us consider diffusion by the vacancy mechanism in the
00p cop
<x2 > =
-00 -CO
*
ST 2D t
ix
Therefore,
D = lim (x //2t
t -> co
Now (x~) may equally well he regarded as the expected 
2value of X for a single atom diffusing away from the plane x = 0.
*t iiFor such an atom, let x.. he the x component of the i " jump 
between adjacent (lOO) planes. (Jumps within a (100) plane have 
zero x component and thus do not contribute to diffusion in the x 
direction.) Then
n -i
2
s b  < E ’ J  > 1=1
n co
lim 
n-> co
n-1 n-i
“T FTcTÖ I E W + 2L E \xi
i=1
n
_ _  V"
2t(n) L_, 
i=1
i=1 j = 1 
oo
( X .2) + 2^__ (*i*1+j)
j=1
(6)
Since all jumps between adjacent (100) planes are 
crystallographically equivalent and have x components of the same 
magnitude, (x.  ^ and are independent of i . Thus, if we
write d for the distance between adjacent (lOO) planes and X/ . >, 
for the x component of the j * jump following a jump in the +x 
direction, eqn. (6) becomes
lim 
n-i> oo 2t(n) L_,i=1
oo
1 + 2r
0=1
1 2 2 * v f (7)
where
xand
oo
f (8)
3=1
v is evidently the average jump frequency for jumps between (lOO) 
planes, and f is called the correlation factor.
The above equations are also valid for the interstitial 
mechanism, and similar equations apply for the interstitialcy 
mechanism. If f = 1 for a particular diffusion mechanism, then 
diffusion by that mechanism is said to be uncorrelated; otherwise, 
it is said to be correlated.
The correlation factor f is a measure of the correlation 
between the directions of jumps in a random walk. If the jump
hence f = 1 . This as the case for the interstitial mechanism, 
because after an atom has jumped from one interstitial site to 
another, it is surrounded by a symmetrical configuration of atoms on 
lattice sites, and there is no preferred direction for the next 
jump.
which has just completed a jump is still adjacent to the vacancy 
which caused the jump, and so the atom has the opportunity of 
jumping back to its original site. If this happens, the two jumps 
of the atom are ineffective in causing diffusion of the atom, and 
so the diffusion coefficient is less than would be expected on the 
basis of completely random jumps. One way of interpreting this 
decrease is to regard the term yf in eqn. (7) as the effective 
jump frequency of the atom, because the diffusion coefficient is
directions are all independent, then c= 0 for all j , and
However, in the case of the vacancy mechanism, an atom
the same as would obtain for completely random jumps with 
frequency v f  .
Huntington and Ghate (1962) have suggested a useful and
physically meaningful interpretation of correlation effects. The
term /x/ . in eqn. (8) is the average x displacement on the j^  
'J' 00
jump following the original jump, and therfore J2, is the
average total displacement for the complete sequence of jumps 
following the original jump.
By considering the symmetry of the configuration after a
jump, it is possible to determine whether f is less than, equal to,
or greater than 1 for that type of jump. For the interstitial
mechanism, the configuration around an atom which has just completed
a jump is symmetrical, and therefore the average subsequent
displacement of the atom is 0 , and f = 1 . However, an atom which
has just jumped by the vacancy mechanism is surrounded by an
asymmetrical configuration of a vacancy and n -1 atoms, where nc c
is the coordination number of the lattice. The average subsequent 
displacement will clearly be towards the vacancy, that is, in the 
opposite direction to the original jump, and hence f < 1 .
For more complicated types of diffusion where several 
types of jump (with different frequencies and possibly different 
jump lengths) contribute to diffusion, it is possible to define a 
’’partial” correlation factor for each type of jump. The average 
subsequent displacement after a jump of a given type is related to 
the corresponding partial correlation factor by an equation similar 
to eqn. (8).
In considering diffusion by the vacancy mechanism, we have 
so far focused cur attention on the diffusion of the atoms.
E q u a t i o n s  s i m i l a r  to  e q n s .  ( 7 )  and  (8 )  a l s o  a p p l y  t o  t h e  d i f f u s i o n  
o f  t h e  v a c a n c i e s  t h e m s e l v e s .  The c o r r e l a t i o n  f a c t o r  f o r  d i f f u s i o n  
o f  v a c a n c i e s  i n  a  p u r e  m a t e r i a l  i s  1 , b e c a u s e  i n  a p u r e  m a t e r i a l  a 
v a c a n c y  i s  a lw ays  s u r r o u n d e d  by a s y m m e t r i c a l  c o n f i g u r a t i o n  o f  
a tom s .  Th is  i s  n o t  g e n e r a l l y  t r u e ,  however ,  f o r  d i f f u s i o n  o f  
v a c a n c i e s  i n  a l l o y s .
C o n s id e r  an u n o r d e r e d  b i n a r y  a l l o y  c o n t a i n i n g  mole 
f r a c t i o n s  N and  o f  A and 3 a tom s ,  and suppose  t h a t  t h e  jump 
f r e q u e n c y  w f o r  exchange  o f  a v a c a n c y  w i t h  an A atom i s  g r e a t e r
JrL
t h a n  th e  f r e q u e n c y  w f o r  exchange  w i t h  a 3 atom. The a v e r a g e
f r e q u e n c y  vV f o r  exchange  o f  a  v a c a n c y  w i t h  an a d j a c e n t  atom
s e l e c t e d  a t  random i s  g i v e n  by  W =» N. w.  + F_w_ , and c l e a r l yA A 3 3
w >  W >  w . A f t e r  a  v a c a n c y  has  exchanged  w i t h  a B a tom,  i t s  A 3
n e a r e s t  n e i g h b o u r s  a r e  a  3 atom and n -1 " a v e r a g e " atoms — anc
a s y m m e t r i c a l  c o n f i g u r a t i o n .  Because  w <  W , t h e  v a c a n c y  h a s  a3
l e s s - t h a n - r a n d o m  p r o b a b i l i t y  o f  r e t u r n i n g  t o  t h e  s i t e  which  i t  has  
j u s t  l e f t .  Thus ,  t h e  a v e r a g e  s u b s e q u e n t  d i s p l a c e m e n t  o f  t h e  v a c a n c y  
w i l l  be i n  t h e  same d i r e c t i o n  as  i t s  o r i g i n a l  jump, and so f j  , t h e  
p a r t i a l  c o r r e l a t i o n  f a c t o r  f o r  exchange  o f  a  v aca ncy  w i t h  a 3 a tom, 
i s  g r e a t e r  t h a n  1 . S i m i l a r  r e a s o n i n g  shows t h a t  t h e  p a r t i a l
A
c o r r e l a t i o n  f a c t o r  f  f o r  exchange  w i t h  an A atom i s  l e s s  t h a n  1 . 
The n e t  r e s u l t  o f  t h e s e  two e f f e c t s  i s  a s l o w in g  down o f  t h e  
d i f f u s i o n  o f  v a c a n c i e s ;  t h a t  i s ,  t h e  o v e r a l l  c o r r e l a t i o n  f a c t o r  
f o r  d i f f u s i o n  o f  v a c a n c i e s  i s  l e s s  t h a n  1 .
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§3» 3» Applications of Correlation Factors.
Much of the theoretical explanation of diffusion 
phenomena is done in terms of the atomic theory of diffusion. 
Because correlation factors appear in the basic equations (like 
eqn. (7)) relating atomic jump frequencies to diffusion 
coefficients, they often appear in the theoretical equations which 
describe experimentally observable phenomena. Well known examples 
of this are the theory of the isotope effect (Tharmalingham and 
Lidiard 1959? Barr and Le Claire 1964) and the theory of diffusion 
and ionic conductivity in ionic solids (Lidiard 1957).
Recently Manning (1967b) has shown that correlation 
factors appear in the equations relating tracer and chemical 
diffusion coefficients in binary alloys. In Part I of this thesis, 
some improvements are made to Manning's theory of correlation 
effects in binary alloys, and it is shown how these improvements 
affect experimentally observable phenomena such as the Kirkendall 
effect.
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§4. DIFFUSION IN A CONCENTRATION GRADIENT.
§4.1. The Kirkendall Effect.
In general, the two components A and B of a binary alloy 
diffuse at different rates. In the presence of a chemical 
concentration gradient, this leads to a net flow of matter during 
diffusion. This phenomenon was first observed by Kirkendall 
(Smigelskas and Kirkendall 1947) and is known as the Kirkendall 
effect.
The net flow of matter during diffusion may be observed by 
embedding inert markers in the diffusion couple. In regions where 
there is a net influx of matter, the markers move further apart, and 
in regions where there is a net efflux of matter, the markers move 
closer together.
In many investigations of the Kirkendall effect, the inert 
markers are placed only at the original interface of the diffusion 
couple. The plane defined by these markers is called the Kirkendall 
interface, and its movement is observed relative to the ends of the 
couple, or, equivalently, relative to the Matano interface.
In §2.1, the diffusion coefficient was defined as the 
ratio of atom flux to concentration gradient. The value of the atom 
flux, and hence the diffusion coefficient, depends on the frame of 
reference in which the atom flux is measured. One possible choice 
is a frame of reference fixed relative to the crystal lattice 
outsic' the diffusion zone. This frame of reference was used in 
§2.3 in the Boltzmann-Matano analysis. The diffusion coefficient 
obtained by this method of analysis is called the interdiffusion
XV
coefficient, and is denoted by the symbol 5 .
The other commonly-used frame of reference is one fixed in
the crystal lattice at the point under consideration. The diffusion-
coefficients in this frame of reference are denoted by D. and ,A si
and are called the intrinsic diffusion coefficients.
§4» 2. Darken's Analysis of the Kirkendall Effect.
We shall now derive equations relating the interdiffusion
coefficient and the rate of movement of markers to the intrinsic
diffusion coefficients (Darken 1948). For simplicity, we shall
assume that the mean molar volume of the alloy is constant, that is,
that c + c_ = c , a constant. This implies that the size of a A -D
diffusion couple does not change during the diffusion.
From the definition of D , , the flux of atoms relative toA
the lattice planes at the point under consideration is
9 c aJ . = - DA 3x
If the lattice planes at the point under consideration are moving 
with velocity v, relative to the ends of the diffusion couple, then 
the flux of A atoms, relative to the ends of the couple, is
do.
- D . nr—  + v, c 5 k AA 3x
a similar equation holds for B atoms. Since the size of the 
specimen does not change, the total flux of atoms relative to the 
ends of the specimen is zero, and hence
zvi
'B'
J A + J_A B
dc oc^
P A B 3A dx 3b ax
/dx , we A obtain
+ (cA + °B)vk
, dc
— (D - D ) — ~ c V A V  dx
\  =
dir(V  Vir ■ (9)
where N (= c /c) is the atom fraction of component A . A A
From the continuity equation,
dc
rr — dx
[D,
dc
öx l'uA dx ” Vk CA
dc
dx L A dx
dc
c ' A 
dc
B' dx J
h « s? a + ¥ b)i f J
Comparing this with Pick’s second law (eon. (2)), we see that
V a + V bD (10)
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§ 4.3» Relation Between Tracer and Chemical Diffusion Coefficients.
A more difficult problem is to relate Dm to the tracer 
* 1
diffusion coefficient D^ . Using several simplifying assumptions, 
Darken (1948) obtained
(1 + 3 XnNT ' ’
where is the activity coefficient of component T
from the Gibbs-Duhem equation that
_ ainXB
0 ln N ö InKA B
Hence, eqns. (9) and (lO) become
(n)
It follows
and
where
$ S3 ainyA8 ln N . A
(13)
It has recently been pointed out by Manning (1967b) that 
eqns. (11) to (13) should be modified to take account of a 
"vacancy-flow" effect. When diffusion takes place by the vacancy 
mechanism, a net flow of atoms in one direction gives rise to a net 
flow of vacancies in the other direction. Since atoms jump by 
exchanging with vacancies, atoms have a tendency to jump against 
this "vacancy wind". Since the flux of the faster-diffusing atom 
species is against the vacancy wind, this flux is increased, and 
since the flux of the slower-diffusing atom species is with the
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vacancy wind, this flux is decreased. Manning showed that
and
DB ■ d b ^ 1- v b ) ’
(14)
(15)
where
o-f)NT (b^-d;) 
f +
and f is the correlation factor for diffusion "by the vacancy 
mechanism in a pure crystal with the given lattice structure, 
corresponding expressions for -v and D are
k
The
(1<5)
and
D = (vl + V b^ s ’
where
and
oc
. \ / * * v 2-^-^ A V W
 ^( ^B EA + ^ A Eß) (EA EA + EB EB )
§4.4. Experimental Measurements of the Kirkendall Effect.
Since Manning put forward his theory of the vacancy-flow 
effect, there have "been several attempts to measure the Kirkendall
Xi X
effect or related phenomena with sufficient accuracy to discriminate 
between Darken's equations (eqns. (11)— (13)) and Manning's 
equations (eqns. (l4)-(l7)).
Meyer and Slifkin (1966) measured the mean atom drift for 
silver and gold tracer atoms placed at the interface of silver-gold 
diffusion couples, and the Kirkendall shift of of hafnium oxide 
markers placed at the interface. Their results were not 
sufficiently accurate to provide a conclusive test of Manning's 
theory.
Subsequently Meyer 0969) made more accurate measurements 
of the Kirkendall shift in silver-gold couples, and found excellent 
agreement with Manning's equations. In these experiments, the 
Kirkendall interface was taken to be the grain boundary between the 
gold-rich and silver-rich halves of the couple.
Kohn, Levasseur, Philibert, and Wanin (1970), working with 
the iron-nickel and iron-cobalt systems, and using sillimanite 
fibres as markers, found Kirkendall shifts significantly greater 
than those predicted by Manning's equations.
The purpose of the investigation described in Part II of 
this thesis was to measure the vacancy-flow effect in the 
silver-gold system by means of accurate measurements of the 
Kirkendall effect. This investigation was well under way before 
Meyer (1969) published his results for the same system. As will be 
seen, the present results throw new light of the problem of the 
measurement of Kirkendall shifts.
PART I.
THEORETICAL INVESTIGATION OF 
CORRELATION EFFECTS IN BINARY ALLOYS.
§ 1. INTRODUCTION.
It was pointed out by Bardeen and Herring (1951) that 
diffusion of atoms in solids by some mechanisms is correlated, that 
is, atom jumps are not random but are dependent on the previous jump 
history of the atom. The theory was generalized by Mullen (1961) to 
include diffusion in anisotropic crystals, and Manning (1967a, b) 
showed that Mullen's analysis could also be applied to diffusion in 
binary alloys.
The most commonly used measures of departures from 
randomness in diffusion are the so-called correlation factors.
Part I of this thesis contains improved methods of calculating 
correlation factors for diffusion by the vacancy mechanism in 
certain pure crystals and in unordered binary alloys. The results 
obtained are applied to the problem of diffusion in a chemical 
concentration gradient.
V/e shall first briefly restate Mullen's arguments leading 
to a general definition of correlation factors. V/e shall make the 
following assumptions : (l) chemical concentration gradients are 
absent; and (2) a set of principal axes Ox, Oy, and Oz can be found 
such that, after a sufficiently long time, the probability 
distribution of an atom or vacancy diffusing away from the origin 
is symmetric to reflexion in each of the axes and to inversion about
the origin. The diffusion coefficients D* , D* , and E* forx y z
diffusion parallel to these axes are then given by equations of the 
form
1)* = lim <X2)/2t , 0 )
t-> 00
2
where (X } is the mean-square displacement of a diffusing entity 
along the x principal axis in the time t.
We now rewrite eqn. (l) in terms of individual jumps of
the diffusing entity. Suppose that in the time t there is a
thsequence of n jumps, and let x^ be the x component of the i jump, 
Then
n-> oo ' L— *. Ji -1
lim 
n -» oo 2t(n)
n n-1 n-iE <xi2> + 2E E <xiW
i=1 j=1i = 1 
n
E  [<Xi2> + 2E  <Xx Xi+J > j
i=1 j°1
(2)
The value of each term (x. x. .) in eqn. (2) will
1 1+J th thdepend on the type of jump represented by x_^  . The i ~ and k " jumps
2 2 L?-,will be said to be of the same type if x. = x, and ]Tj x #j .)
oo 1 C j = 1 1 1+C!
= T, (x^ _ x^ . Let N be the number of different types of jump, and 
j = 1 ‘ 'J
(oc = 1 , ,.iN) the number of jumps of type cx made by a
diffusing entity per unit time. If v/e now write x _ for the xocO
component of any given jump of type a , and x . for the x
thcomponent of the j ~ jump following this jump, eqn. (2) becomes
3where
lim 
n -> oo
1
2t(n)
O)
2£XoX«j>
j = 1
N
i E v«xc0?f«x
0C=1
>
fOCX
00
E<*^ >
+ 2 j = 1
(3)
(4)
If only one type of jump has a non-zero x component, we may drop the 
subscript oc in eqn. (4). f is then called the correlation factor 
for diffusion in the x direction. If more than one type of jump has
non-zero x component, f is called the partial correlation factorax *
associated with jumps of type a.
In eqn. (4) , ]T](x •) the average x displacement
j = 1 «1
following a type cx jump. If v/e denote this quantity, measured in 
the sense of the origina 
(Huntington and Ghate 1962)
l jump, by , eqn. (4) becomes
* Before Mullen's paper, the correlation factor was usually 
defined as the ratio of the actual diffusion coefficient to the 
diffusion coefficient that would obtain if atom jumps were 
completely random. If only one type of jump contributes to 
diffusion along a particular axis, it can easily be seen from eqns. 
(3) and (4) that this definition is equivalent to Mullen's (eqn.(4)).. 
However, Mullen's definition simplifies the analysis if more than 
one type of jump contributes to diffusion along an axis.
4f(XX (5)
Since correlation factors are dimensionless, we can carry 
out our calculations on a lattice of any convenient size. The most 
convenient lattice dimension is defined by setting Jx^J > the 
smallest of \x ^q \ > • |x t^q|> equal to 1 . It is also useful to
define a dimensionless quantity cr(XX corresponding to by the
equation
or = OCX
liquation (5) then becomes
f = 1 + 2  ax
X m0----  ax n ax a 0
(6)
(7)
Equations (l) - (7) are applicable to any mechanism for 
diffusion in crystals, but in v/hat follows we shall restrict our 
attintion to diffusion by the (single-) vacancy mechanism.
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§2. CORRELATION FACTORS FOR DIFFUSION IN PURE CUBIC, 
TETRAGONAL, M L  ORTHORHOMBIC CRYSTALS.
§2.1. Correlation Factors in Terms of 
Exchange Probabilities,
Cubic Lattices.
Since diffusion in cubic crystals is isotropic, all sets 
of axes are principal, and there is only one correlation factor.
Lei us choose an x axis perpendicular to the (lOO) planes, and label 
these planes ... -1 , 0 , +1 , .•. according- to their intercepts on 
the axis. After omitting unnecessary subscripts from eqn. (7) we 
obtain
f = 1 + 2 cr
Consider a tracer atom which has just jumped from the +1 
plane to the 0 plane. The vacancy which caused the jump is then on 
the +1 plane. In the subsequent interaction of the tracer with the 
vacancy, tracer-vacancy exchanges taking place entirely within the 
0 plane can be ignored, since they do not contribute to cr. The 
three remaining possibilities, which are illustrated in fig. 1, are 
as follows : the vacancy may exchange with the tracer from the +1 
plane (not necessarily at the first vacancy jump); it may cross the 
0 plane, and exchange with the tracer from the -1'plane: or it may 
diffuse away without exchanging with the tracer. V/e shall denote 
the probabilities of these three events by P+ , P , and 
( = 1 - P+ - P ) , respectively.
60 +1
o Tracer
o V a c a n c y
- 1 . o +1
0"
Pig. 1. Possible vacancy movements for cubic lattices.
a
Fig. 2 . Jump frequencies for bet lattice
7It is evident from inspection of fig. 1 that the 
configuration after a - exchange is the original configuration with 
the tracer moved one unit to the left, and the configuration after 
a + exchange is the reverse of the original configuration v/ith the 
tracer moved one unit to the right. Therefore,
a■ = P (-1-tr) + P (l+cr) • (8)
Hence
and
cr = -Q1 + Q
f TZ 1 + Q, (9)
where Q = - P
Tetragonal and Orthorhombic Lattices.
The above calculations are easily generalized to deal with 
tetragonal or orthorhombic lattices. As an example, we shall 
consider the body-centred tetragonal (bet) lattice v/ith jump 
frequencies v, for jumps within the basal plane and v_, for jumps out 
of the basal plane (see fig. 2). The crystallographic axes are 
clearly principal axes for diffusion.
Since only jumps of type 3 have non-zero projections on
the z axis, there is only one correlation factor f for diffusion inz
the z direction. An analysis exactly similar to that for cubic 
lattices shows that
1 -  Qf _ ____ 5.
z 1 + Q ’ z
8where Q = P - P and P z z+ z— and P are defined similarly to P+
and P
doth type-A and type-B jumps have non-zero projections on 
the x axis. Prom eqn. (7)» the partial correlation factors f , r and
f are driven hy
fAx 1 + ar.Ax
and
fBx 1 + 2a;Bx
Consider a tracer atom which has just jumped from the +1
or +2 plane to the 0 plane. The vacancy which caused the jump can 
re-exchange with the tracer in several ways. We shall represent the 
exchange probabilities by the letter P with three subscripts, the 
first denoting the jump type of the original exchange, the second 
the jump type of the re-exchange, and the third the sense of the 
tracer jump at the re-ex change. <r and are related to the
exchange probabilities by the following equations, which correspond 
to eqn. (8).
Hence
oand
%A°Ax +  ^* + B3* °Bx = “ 2%A. ~  QB3 ’
« h e r e  ^  = PAA+ -  PAA_ e t c .
§ 2 . 2 .  C a l c u l a t i o n  o f  Exchange P r o b a b i l i t i e s .
I n  o r d e r  t o  c a l c u l a t e  t h e  exchange  p r o b a b i l i t i e s  d e f i n e d  
i n  § 2 . 1  we make u s e  o f  t h e  t h e o r y  o f  random w a lks  on p e r f e c t  and 
d e f e c t i v e  l a t t i c e s  ( M o n t r o l l  1964) .  A p e r f e c t  l a t t i c e  i s  one i n
I
which t h e  p r o b a b i l i t y  ^ i ( l  , 1 ) t h a t  a w a lk e r  on l a t t i c e  p o i n t  1 '  
w i l l  jump t o  1 i s  a f u n c t i o n  p o f  1 - 1 *  . We a l s o  assume t h a t  no 
d r i v i n g  f o r c e s  a r e  o p e r a t i n g ,  t h a t  i s ,  t h a t  p ( l -  1 ) = p ( l  - l )  .
A d e f e c t i v e  l a t t i c e  i s  one i n  which  t h e r e  a r e  some p o i n t s  f o r  which
A ( i ,  i ’ ) *p( i - i ’ ) •
3y a s u i t a b l e  c h o ic e  o f  p o s s i b l e  jump v e c t o r s  and o f  th e  
a s s o c i a t e d  jump p r o b a b i l i t i e s  ( t h a t  i s ,  a s u i t a b l e  ch o ic e  o f  th e  
f u n c t i o n  p ( l - l ' ) ) ,  random w alks  on c u b i c ,  t e t r a g o n a l ,  and 
o r t h o r h o m b i c  l a t t i c e s  may be c o n s i d e r e d  as  g e n e r a l i z e d  random walks  
on a s im p l e  c u b i c  l a t t i c e  w i t h  l a t t i c e  s p a c i n g  1 . F o r  th e  b c c ,  f e e ,  
and b e t  l a t t i c e s ,  s u i t a b l e  jump v e c t o r s  a r e  as  f o l l o w s .
b cc  : (±1 , ±1 , ±1)
f e e  : (±1 , ±1 , 0 ) , ( ± 1  , 0 ,  ±1 ) ,  ( 0 ,  ±1 , ±1 ) 
b e t  : (±1 , ±1 , ±1 ) ,  (±2 , 0 , 0 ) ,  (0  , ±2  , 0)
Random Walks on P e r f e c t  L a t t i c e s .
L e t  us c o n s i d e r  a random walk  s t a r t i n g  a t  th e  o r i g i n  in  a
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p e r f e c t  s im p l e  c u b i c  l a t t i c e  w i t h  l a t t i c e  s p a c i n g  1 . Le t  t h e  
p r o b a b i l i t y  t h a t  t h e  w a l k e r  i s  a t  1 a f t e r  t  s t e p s  be P + ( l )  .
Then
t + 1 ( l )  = p ( l - 1 ' )  p t ( i ' )  , ( 1 0 )
1'
where  1 r a n g e s  o v e r  t h e  e n t i r e  l a t t i c e .  Let  u be a v e c t o r  w i t h  r e a l  
components  u , v , and w . I f
TTt (u) .  £ p t ( l ) i u .  1 e ~ ~
and
x ( u )  =  y y  ( l )
i u .  1e ~ ( i 1 )
t h e n  w i t h  t h e  a i d  o f  eqn .  (10 )  we o b t a i n
■ LL e i ~ ‘ i
1 1 '
r L l
1 '  L 1
' \ xu-  1 ) e ~i . ( l - l ' )
^  Pt ( l '  ) e i - , i ' ^ p ( i )  e h 1'.
1 '  1
n + ( u ) x ( u )  ,
a n d ,  s i n c e  TT^ (u )  = 1
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TT («) - [*(“ )]* . (12)
By multiplying both sides of eqn. (12) by and
integrating, we obtain
Tf Tf Tf
(2tt)J J [ M U)J^ e dudvdw ,
—Tf -tt ~ r r
since
Tf TT TT /
l
J V. L
e^~* i du dv dw » /
- T f  - T f  - T f
0 3 )
( M 3 if 1 a (0,0,0) 
0 if 1 * (0,0,0)
We now define a function U(l) by
u(i) - pt(i) .
From eqn. (13) it follows that
t «0
TT Tf Tf
u(i) 1
(2t )
-iu.1 , ,e ~ ~ du dv dw
1 - "\(u)
(14)
- T f  -T T  - T f
The evaluation of this integral is discussed in §2.3» and some 
values for the cubic and bet lattices are given in tables 1 and 2.
Random Walks on Defective Lattices.
For a defective lattice, we may express A( 1 , 1 *) as 
/i(l, l ’) - p(l- l ’) + q(l, 1 ‘) , 05)
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simple cubic bcc fee
u ( o , o , o )
U ( 1 , 0 , 0 )
u ( M , o )
U ( 2 , 0 , 0 )
1 .5163860592
0 .5163860592
0.3311486021
0 .2573358873
u ( 0 , 0 , 0 )  
u(  1 , 1 , 1 )
U ( 2 , 0 , 0 )
U ( 2 , 2 , 0 )
U ( 2 , 2 , 2 )
1.3932039297
0 .3932039297
O.29O9OI2284
0.2295990161
0 .1909267744
u ( o , o , o )
u ( M , i )
U ( 2 , 0 , 0 )
U(2,1,1)
U ( 2 , 2 , 0 )
1. 3 4 4 6 6 1 I832 
0 .3446611832 
0 .2299360544  
0.^954667081 
0 .1708893411
Table 1. Values of U(l) for cubic lattices.
V /
A ' B 0 . 0 0 . 2 0 . 4 0 . 6 0 , 8
U (0 , 0 , 0 ) 1 .3 9 3 2 0 1 .3 7 0 4 8 1 .3 5 7 0 2 1 .3 4 9 4 2 1 .34571
u ( 1 , 1 , 1 ) 0 . 3 9 3 2 0 0 . 3 7 7 2 9 0 . 3 6 5 7 0 0 . 3 5 6 9 4 0 .3 5011
0 ( 2 , 0 , 0 ) 0 . 2 9 0 9 0 0 .3 0 2 4 5 0 .31361 0 .3 2 4 3 5 0 .3 3 4 6 9
u ( 0 , 0 , 2 ) 0 . 2 9 0 9 0 0 . 2 7 1 4 0 0 . 2 5 7 0 0 0 .2 4591 0 . 2 3 7 1 0
0 ( 2 , 2 , 0 ) 0 . 2 2 9 6 0 0 . 2 2 5 2 2 0 .2 2 4 0 8 0 .2 2 4 9 1 0 . 2 2 7 0 0
0 ( 0 , 2 , 2 ) 0 . 2 2 9 6 0 0 .2 1 8 6 6 0 .2 1 0 5 8 0 .2 0 4 3 7 0 . 1 9 9 4 6
0 ( 2 , 2 , 2 ) 0 . 1 9 0 9 3 0 . 1 8 4 1 9 0 .1 7 9 3 8 0 . 1 7 5 8 0 0 .1 7 3 0 5
0 ( 3 , 1 , 1 ) 0 . 1 8 8 6 0 0 .1 8 9 2 1 0 .1 9 0 4 3 0 . 1 9 1 9 7 O.19368
0 ( 4 , 0 , 0 ) Oo15490 0 .15701 0 .1 5 9 9 9 0 . 1 6 3 4 0 0 .1 6 7 0 7
V  /  V B ' A 1 . 0 0 . 8 O06 0 . 4 0 . 2
0 ( 0 , 0 , 0 ) 1 .3 4 4 6 6 1 . 3 4 5 9 3 1 .3 5 2 0 6 1 .3 7 1 6 2 1 .4 4 0 7 7
0 ( 1 , 1 , 1 ) 0 . 3 4 4 6 6 0 . 3 3 9 2 5 0 . 3 3 2 6 0 0 .3 2 4 4 3 0 . 3 1 5 0 3
0 ( 2 , 0 , 0 ) 0 .3 4 4 6 6 0 .3 5 6 6 1 0 . 3 7 5 4 0 0 . 4 0 9 3 7 0 .4 9 1 0 6
0 ( 0 , 0 , 2 ) 0 . 2 2 9 9 4 0 .2 2 2 6 6 0 .2 1 3 3 9 0 .2 0 1 1 8 0 .18431
0 ( 2 , 2 , 0 ) 0 . 2 2 9 9 4 0 .2 3 4 3 7 0 .2 4 2 8 9 O.2616O 0 . 3 ^ 6 5 4
0 ( 0 , 2 , 2 ) 0 . 1 9 5 4 7 0 .1 9 1 4 3 0 . 1 8 6 3 3 0 .1 7 9 6 8 0 . 1 7 0 7 8
0 ( 2 , 2 , 2 ) O .17089 0 .1 6 8 7 7 0 .1 6 6 2 0 O.16312 0 . 1 5 9 7 0
0 ( 3 , 1 , 1 ) 0 .1 9 5 4 6 0 .1 9 7 7 3 0 . 20146 0 .2 0 8 3 8 0 .2 2 4 5 6
0 ( 4 , 0 , 0 ) 0 . 1 7 0 8 8 0 .1 7 5 7 5 0 . 1 8 3 9 6 0 .2 0 0 1 5 0 .2 4 4 4 0
Table 2. Values of U(l) for the bet lattice.
the component p(l-l ) being* that of the perfect lattice and q (l , 1 ) 
a perturbation. Suppose that the walker starts at 1 , so that
Pq (1) = 8(1 t 1q ) • The probability of the walker's being* at 1 after 
t + 1 steps is
Pt+1 (1) - + q(l ,l')]Pt(l’) • (16)
Summation of eqn. (16) from t* 0 to oo yields
o(i) = 8(1 ,i0) + o(i>i')o(i') ,
where
0(1) - ^ P t (1)
t=0
This set of equations can be solved in terms of U (l), 
which is the solution of
U(1) - ^ p ( i - i ’) u(i') = 8(1,0) . (17)
1*
The equation
0(1) - ^ p ( l - l ’)0(l') » F(l) (18)
1'
has the solution
o(i) = y u(i-i,)f(i>) , (19)~ L__. ~ ~
1'
e+J
as can be verified by substituting this expression into eqn. (18) :
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0(1) - y \ ( l - l ’)G(l’) . 0(1) - ^  p(k)G(l-k)
1 ’ -
= £\(l-l' )P(l') - ^ p ( k ) ^ U ( l - k  -l')F(l’)
^F(l') U(l-l') - ^p(k) U(l-l’-k) 
1’ k
r  S(l- l1 t 0) (from eqn« (17))LrnrnmJ) W ^ W **
F(l) .
h'ow if we put
F(l) = 6(1 ,10) + £\(l ,l')0(l')
1'
in eqn. (l8) , then eqn.(19) becomes
0(1) « u(l-l0) + Y_ *i")G(i”)
1' 1"
(20)
If q(l , 1 ) vanishes except for a few points, say
• -• _ «
1 = i-) 9 io * • • • in an<^  i = ii ’ i^ 1 . 1 , ,~n' 7
then eqn.(20) becomes
n' n
G(l) = U(l-10) + £  ^U(l-llc)q(lk ,i) 0(f) . (21)
m=1 k=1
» I I . VSubstitution of 1^  , 1,^ , ... 1^, into eqn. (21) t~ives a set of
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linear equations which can be solved for G(l^ ) > G(l^ ) , ... G(l^,) . 
Equation (21) can then be used to find G(l) for any lattice point 1 .
Calculation of Exchange Probabilities.
We can now express the exchange probabilities of § 2.1 in 
terms of the function G(l) for suitably chosen defective lattices.
To illustrate the method, the calculations will be carried out in 
full for the simple cubic lattice.
Let the sites around the origin in a simple cubic lattice 
be labeled as in fig. 3 > and suppose that initially the site is 
occupied by a vacancy and the site 0 by a tracer atom. The random- 
walk theory developed above will be applied the subsequent movement 
movement of the vacancy. The theory deals with the probabilities of 
jumps to particular sites, and since we wish to find the 
probabilities of certain exchanges with a particular tracer atom, we 
must ensure that the tracer atom remains on site 0 until the vacancy 
jumps to site 0 from site k^ or k^ . This is achieved by preventing 
tracer-vacancy exchanges which take place entirely within the 0 
plane, that is, by setting^i(0 , m ) = 0 . The vacancies v/hich would 
have made jumps of this type must be distributed to the other 
nearest-neighbour sites of each rcr site. This may be done by 
increasing the appropriate jump probabilities to 1/5 , or, more 
simply, by setting , rir) = 1/6. Once a vacancy has jumped to
site 0, it must be removed from further consideration, and therefore 
we set ^i(m , 0) = 0 and ^(k^ , 0) = 0 .
Whenever the vacancy is on 3ite k the probability is 1/6 
that it will jump to site 0 . Therefore
00
t =Q
(22)
16
z
m •
4 m
Fig. 3. Labeling of sites in simple cubic lattice
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and similarly,
P_ “ * (?3)
Prom eqn. (15) we find that q(0, m. ) = q(m. , O) = q(k. , 0) 
= — 1/6 and q(riK , rrn) = 1/6 • On substituting these values into 
eqn. (21) we obtain
2 4
0(1)  = u d - k , ) -  £ g( o) [ T  U ( l - i c . )  + £ > ( 1 - ™ . )
1 =  1
(24)♦ ifs(.)[o(i-»)-u(i.o)] .o L . ~ J ~ ~J ~
j  = 1
However, by symmetry, G(m ) =» G(m ) = G(m ) = G(m ) , and so eqn.(24) 
may be simplified to
2 4
G( 1) *= U(l-kt) - £ g (0) 11(1-1^) + ^U(l-m..)
i=1
4
G(®1) [ u(l“ 2j> - 4U(i>]
3=1
J=1
(25)
obtain
If we now substitute 0 and rn^ for 1 in eqn. (25) we
g(o) = U(1,0,0) - -g- 0(0) [6U(1,0,0)]
+ ^G(ra1) [4U (1,0,0) - 40(0,0,0)]] (26)
and
0(m,) = U(1,1,0) - £a(0)[U(0,0,0) + 4U(1,1,0) + U(2,0,0)]
+ ^G(n1)[U(0,0,0) + 2U(1,1,0) + U(2,0,0)- 4U(l,0,0)] . (27)
From eqn. (17) we can obtain
U(0,0,0) = 1 + U(1,0,0)
and
U(1,0,0) - £u(0,0,0) + | u (1,1,0) + ^U(2,0,0) ,
and with the aid of these identities eqns. (26) and (27) can be 
simplified to
G(0)[U(0,0,0)] + G(m1)[|] - U(1,0,0)
and
0(0)[U1,0,0)] + o(2l)[i--iuO.o.o) + 1 u (1,1,0)] = U(1,1,0) .
On substituting values of U from table 1 into these equations, we
obtain the solutions G(o) «= 0.2445397195 and
G(m ) = 0.2183541562 .~1
From eqn. (25) »
c q p  = u(0,0,0) - G(0)[U(1,0,0)] - G(m^)[jU(l,OtO) - jU(l,1,0)]
(28)
and
G(k2) . U(2,0,0) - G(0)[U(1,0,0)] - GCmptluO.O.O) - |u(l,1,0)].
(29)
The above values for G(0) and G ( m ) , together with eqns. (22) and 
(23), give P = 0.2271907074 and P = 0.0173490121 .
“f*
The calculations for the other lattices are very similar. 
The only additional difficulty which arises is that in some lattices 
the symmetry of the random walk is lost unless the walk is started 
from a distribution of vacancies over several sites instead of from
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a s i n g l e  s i t e .  F o r  exam ple ,  f o r  th e  bcc  l a t t i c e  we p u t  P q( i >1 >1 )
= Pq( 1 * 1 * — 1) = P0 ( 1 , - 1 , 1 ) = Pq (1 >“  1 j ”■ 1 ) = l / 4 ,  and th e  f i r s t  t e rm  on 
t h e  r i g h t - h a n d  s i d e  o f  eqn .  ( 2 1 ) i s  m o d i f i e d  a c c o r d i n g l y .
The p r o b a b i l i t i e s  P+ and P a r e  o f  i n t e r e s t  i n  t h e  t h e o r y  
o f  d i f f u s i o n  i n  a l l o y s .  T h e i r  v a l u e s  f o r  c u b i c  l a t t i c e s  a r e  l i s t e d  
in  t a b l e  3 , t o g e t h e r  w i t h  t h e  c o r r e l a t i o n  f a c t o r s .  However,  i f  t h e  
c o r r e l a t i o n  f a c t o r s  a l o n e  a r e  r e q u i r e d ,  t h e  c a l c u l a t i o n  i s  
c o n s i d e r a b l y  s i m p l i f i e d .  Because  o f  t h e i r  symmetry ,  t h e  l a t t i c e  
d e f e c t s  c o n t r i b u t e  e q u a l  amounts t o  P and P ( c f .  eqns .  ( 2 8 ) and 
( 2 9 ) ) .  Thus ,  t o  f i n d  Q( = P -  P ) , t h e r e  i s  no need  to  i n t r o d u c e  
t h e  d e f e c t s .  E q u a t i o n  (21 )  t h e n  becomes
G ( l )  = U ( l - 1 0 ) .
The r e s u l t i n g  e x p r e s s i o n s  f o r  Q can be w r i t t e n  a s  i n t e g r a l s  w i t h  t h e  
a i d  o f  cqn .  ( l 4 )  . F o r  t h e  s im p le  c u b i c  l a t t i c e ,  we have
Q - £ [ u ( o , o , o )  -  u (2 ,o;o)]
(1 -  cos  2u ) du dv dw
rr tr rr
0 0 0
1 -  —  (  C O S  U +  C O3 V + cos  w )
F or  t h e  b cc  l a t t i c e ,
( 30 )
Q = ^ [ U ( 0 , 0 , 0 )  + - U ( 2 , 0 , 0 )  -  U ( 2 , 2 , 0 )  -  U ( 2 , 2 , 2 ) ]
tt rr rr
0  _+ CQS 8U ~ cos 2 v -  cos 2u cos 2v C03 2w) du dvdw
1 -  c o s u  cos V cos w
0 0 0
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For the fee lattice,
Q = ~[U(0,0,0) + 2U(1,1,0) - 2U(2,1,1) - U(2,2,0)j
TT Tf Tf
1 2tT'
(1 + 2 cos u eos v~ 2 eos 2u co3 v cos w- cog 2u cos 2v)du dv dw
' 0 0 0
For the bet lattice,
4
1 - — ( cos u COS V + COS V cos w+ cos w cos u)
Q,
U(0,0,0) + 2U(2,0,0)+ U(2,2,0)- U(0,0,2)- 2U(0,2,2)- U(2,2,2)
rr tt t f
1
3
(1 + 2 cos 2u+ cos 2u cos 2v - cos 2w 
- 2 cos 2v cos 2w - cos 2u cos 2v cos 2w) du dv dw
1 - M u )
0 0 0
u(0,o,o) -  u(4,o,o)
1
tt tt tt
J U c0 0 0
V s
TT Tt Tf
0 0 0
(1 - cos 4u) du dv dw 
1 - "X (u)
U(1,1,1) - U(3,1,1)
( cos u - cos 3u) cos v cos w du dv dv/ 
1 - X (u)
BB
^B
U(0,0,0) + U(0,0,2) - U(2,2,0) - U(2,2,2)
Tt IT Tf
u
(1 -f cos 2w - cos 2u cos 2v - cos 2u cos 2v cos 2\v) du dvdw 
1 - X (u)
0 0 0
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where ^  = vj  (4^ + 8 ^  - vß/ (4va + 8vß) , and 
>v(u) = 2/m.a(c o s2u + c o s2v ) + Syu^ cos u cos v cos w .
The values of the correlation factors for the hct lattice 
are shown in table 4 and fig. 4.
§2.3 > Evaluation of Integrals.
The first step in the evaluation of the integral in eqn. 
(14) for a particular lattice arid lattice point is the substitution 
of the appropriate expressions into the integrand.
For the simple cubic lattice, eqn. (1 1) becomes 
^(u ) = £ [ei(UfV,w).(T,0,0) + ei(u,v,w).(-t,0,0)
+ 0i(u,v,w).(0,1,0) + ei(u,v,w).(0,-1,0)
+ 0i(u »v,w). (0,0,1) + Qi(u, v, w). (0,0,-1 ) -j
1 / : - Z (e + e-iu -iv -iw+ e + e** + e  + e )
~  (cosu + cos v + cosw )
For the bcc lattice,
7v(U ) - £ [ei(u+v+w) + ei(u+v-w) + ei(u-v+w) + ei(u-v-w)
i(-u+v+w) i(-u+v-w) i(-u-v+w) i(-u-v-w)^ 0  + 6  + 0  "f 0
1 / iu -iuw iv -ivw iw , - i w x  ■ g (e + e ;(e + e )(e + e )
cos u cos v cos w
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L a t t i c e f P+ P_ Q p ß
sc
bcc
f e e
.6 ^ 3 1 0 8 8 3 8 8
.7271941401
.7814514219
.2271907074
.2200887050
.1634549703
.0173490121
.0621412840
.0407749043
.2098416953
.1579474209
.1 2 2 6 8 0 0 6 6 0
.7554602804
.7177700110
.7957701254
Table 3* C o r r e l a t i o n  f a c t o r s  and exchange p r o b a b i l i t i e s  f o r  cu b ic  
l a t t i c e s .
b A 0 . 0 0 . 2 0 . 4 0 .6 0 . 8
f Ax .91165 .87393 .84405 .81957 .79903
f Bx .72719 .74025 .75212 .76287 .77261
f z .72719 . 74125 .75330 .76382 .77313
V » A 1 .0 0 .8 0 .6 0 .4 C. 2
f Ax .7 8 1 4 5 .76267 .73712 .69986 .63798
f Bx .78145 .79143 .80585 .82858 .87034
f z .7 8 1 4 5 .79073 .8 0 4 0 0 .82479 .86332
Table 4 .  C o r r e l a t io n  f a c t o r s  f o r  the b e t  l a t t i c e .
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for the fee lattice,
X (u) = ^  ( C O S U  C O S V  +  COS V C 0 9  w + cos w c o s  u) .
l‘or the bet lattice,
"X (u) = 2yu^ (cos + cos 2v) + 8jx^ cos u cos v cos w ,
where » vA /(4 + 8i)ß) and /xQ = ^ / ( 4  VA+ 8 Vß) .
If 1 * (1. , 10 , 1-, ), eqn. (14) becomes
~  1 c j
it  it ,rr
U(l)
(2ir)
’’ i(l u+ 1 v + 1 w)e v 1 2 3 dudv dw
1 -X (u)
-TT -TT -TT
W  J
(cosl^w + i sinl^w)
-TT
Ü
-TT
(cosl^v + i sinl^v)
TTn
u
-T T
( cos l^u+ i sin l^u) du dv dw 
1 - X (u)
rr TT tr
0 0 0
cos 1 ^ u cos l^v cos l^w du dv dw
1 - X (u)
(31)
The numerical evaluation of the integrals obtained from 
eqn. (31) is not completely straightforward, as the integrands all 
have at least one discontinuity in the integration volume. The 
simplest case is the simple cubic lattice, where we have
TT IT TT
u(i) - Jj
TT .
° cos 1 ^ u cos l^v cos 1 ^ w cu dv dv/
0 0 0
1 - ~  (cosu + cos v+ cos w)
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in which the integrand has an infinite discontinuity at the origin. 
The integration volume is a cube with edge tt . If we delete from 
this volume the cube of edge tt/2 containing the origin, the 
integration over the remaining volume can be carried out 
numerically. From the cube of edge rr/ 2 we now delete a cube of 
edge tt/ 4 , and so on. Y/e thus obtain a series of integrals which 
converges to U(l) . Only the first few terms of the series need be 
evaluated, because the series tends to a geometric series with 
common ratio — .
For the bee, fee and bet lattices, the integrand in eqn. 
(3l) has more than one discontinuity in the integration volume. 
However, in each case it is possible by linear changes of variables 
to express the integrals as integrals over a cube of edge tt/2 
containing only one discontinuity. This discontinuity may then be 
avoided by the method described above.
The values of U(l) should obey eqn. (17) > which therefore 
provides a check of the accuracy of the numerical integration.
The same methods can be used to avoid the discontinuities 
in the integrands of eqn. (30) and the equations following it.
Since these discontinuities are finite, the resulting geometric 
series have common ratios of q- .
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§ 2.4.__Conclusions.
A general method for calculating jump probabilities for 
random walks on lattices has been developed. The theory has been 
applied to the calculation of certain tracer-vacancy exchange 
probabilities, which are related to correlation factors for 
diffusion by the vacancy mechanism. Correlation factors for 
diffusion by the vacancy mechanism in pure cubic crystals have been 
calculated, and it has been indicated how the method may be applied 
to diffusion in pure tetragonal and orthorhombic crystals.
27
§3. CORRELATION FACTORS FOR DIFFUSION 
IN UNORDERED BINARY ALLOYS.
The diffusion of vacancies in pure materials is 
uncorrelated, hut Manning (1967a) has shown that in alloys the 
diffusion of vacancies is usually correlated. In this section, 
some improvements are made to Manning's theory of diffusion by the 
vacancy mechanism in unordered binary alloys (Manning I967a>b).
These improvements lead to qualitatively different results in 
certain limiting cases.
We consider a homogeneous unordered binary alloy of cubic 
structure, containing mole fractions N^ and N^ of atomic species A 
and B. Fluctuations in average local composition are ignored, and 
it is assumed that vacancies are not bound to any particular atoms. 
Vacancy jumps are of two kinds : exchange with a neighbouring A atom 
or exchange with a neighbouring B atom. The corresponding jump 
frequencies are denoted by w^ and , and are assumed to be 
independent of the identities of the surrounding atoms. These 
assumptions are best satisfied in non-dilute alloys. It is 
convenient to choose the labels A and B such that w^ ^ w^ .
Since diffusion in cubic crystals is isotropic, all sets
of axes are principal. Let us choose an x axis perpendicular to the
(100) planes, and let n be the number of ways in which an atom (ora
vacancy) can jump to an adjacent (U)0) plane. In the simple cubic
lattice n = 1 , and in the bcc and fee lattices n =4. a a
Suppose that a tracer atom T (either A or B) has exchanged
Twith a vacancy from an adjacent (100) plane. Let cr,^ and 
be the average subsequent x displacements of the tracer and vacancy,
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respectively. (Note that crT is measured in the sense of the
Toriginal tracer jump and cr in the sense of the original vacancy
\ Tjump.) The corresponding correlation factors f^ and f are given by
and
1 + 2ov
1 + 2 a
(32)
(33)
Equation (3) becomes
D* = n N wm d? f_T a v T T (34)
for diffusion of atoms and
n N w d^ fA + n N_. wud2 fB a A A  v a B B  v (35)
for diffusion of vacancies, where d is the lattice spacing and N is 
the mole fraction of vacancies.
A BIn addition to the partial correlation factors f and f"v v
we can define an average correlation factor f by the equation
n W d f a v (36)
where W is the average vacancy jump frequency, given by
W “ \  WA + V b •
* This notation has been chosen to agree v/ith Manning's, although
T v  ocr and cr^, would be more consistent with the notation of 31 .
(38)
Comparison of eqns. (35) and (36) gives
fv
N . w f + A A v N w f B B v
§3*1» Manning's Symmetric Model.
Manning (1967a) used an indirect method, involving
consideration of diffusion in chemical concentration gradients, for
the investigation of correlation effects in homogeneous alloys. We
shall first derive the same results by a more direct method.
Besides its simplicity, this method has the advantage of clarifying
the approximations used, and of suggesting ways in which some of
these approximations can be eliminated. The simplification arises
from the introduction of the quantity x , v/hich is the average8
displacement of vacancies that have effectively ceased to interact 
with the tracer.
In evaluating the correlation factors we shall as before 
set the lattice spacing equal to 1 . The (1OO) planes in the 
vicinity of the tracer atom T will be labeled as follows : the plane 
containing the tracer atom will be called the 0 plane, the plane 
from which the tracer jumped to reach the 0 plane will be called the 
+1 plane, and the other plane adjacent to the Ü plane will be called 
the -1 plane. The sites on the +1 (-1) plane which are nearest 
neighbours of the tracer atom will be called nearest-neighbour +1 
(-1) sites.
Immediately after a tracer jump from the +1 plane to the 
0 plane, the vacancy which caused the jump will be on a nearest- 
neighbour +1 site. In the subsequent interaction of the tracer with 
the vacancy, tracer-vacancy exchanges taking place entirely within
30
Tt h e  0 p l a n e  have l i t t l e  e f f e c t  on cr  ^ and ct^  , and w i l l  t h e r e f o r e  be 
i g n o r e d .  The r e m a i n i n g  t h r e e  p o s s i b i l i t i e s  a r e  as  f o l l o w s  : th e  
v a c a n c y  may exchange  w i t h  t h e  t r a c e r  from a n e a r e s t - n e i g h b o u r  +1 
s i t e ,  w i th  p r o b a b i l i t y  P+ ; i t  may exchange  w i t h  t h e  t r a c e r  from a 
n e a r e s t - n e i g h b o u r  -1 s i t e ,  w i t h  p r o b a b i l i t y  P ; o r  i t  may d i f f u s e  
away w i t h o u t  e x c h a n g i n g  w i t h  t h e  t r a c e r ,  w i t h  p r o b a b i l i t y  
P . v Ä 1 — P “  P ) • t h e  l a s t  c a s e ,  t h e  v ac a n c y  w i l l  be s a i d  top +
r e a c h  an e q u i l i b r i u m  s i t e  a t  i n f i n i t y .
An a e e u r a t e  c a l c u l a t i o n  R e q u i r e s  a s e p a r a t e  c o n s i d e r a t i o n
o f  eac h  o f  t h e s e  p o s s i b i l i t i e s .  However, t h e  p rob lem  i s  s i m p l i f i e d
i f  we n o t e  t h a t  i f  a  v a c a n c y  a r r i v e s  on p l a n e  0 b e f o r e  e x c h a n g in g
v/ i th  t h e  t r a c e r ,  t h e  s u b s e q u e n t  i n t e r a c t i o n  o f  t h e  t r a c e r - v a c a n c y
Tp a i r  w i l l  make l i t t l e  c o n t r i b u t i o n  t o  e i t h e r  cr  ^ o r  , b e c a u s e  o f  
t h e  symmetry o f  t h e  c o n f i g u r a t i o n .  T h e r e f o r e ,  a v ac a n c y  which  
a r r i v e s  on p l a n e  0 w i t h o u t  e x c h a n g in g  w i t h  t h e  t r a c e r  w i l l  be s a i d  
to  r e a c h  an e q u i l i b r i u m  s i t e  on p l a n e  0 ,  and w i l l  be o m i t t e d  from 
f u r t h e r  c o n s i d e r a t i o n .  There  a r e  now o n l y  two p o s s i b i l i t i e s  f o r  t h e  
movement o f  a v a c a n c y  f rom a n e a r e s t - n e i g h b o u r  +1 s i t e  : exchange  
w i t h  t h e  t r a c e r  f rom t h e  +1 p l a n e ,  v / i th  p r o b a b i l i t y  P , o r
S »
movement t o  an e q u i l i b r i u m  s i t e ,  w i t h  p r o b a b i l i t y  P ( s e e  f i g .  5)»sp
Note t h a t  P and P _ depend  on t h e  i d e n t i t y  o f  T and th e  
s+ sp
c o m p o s i t i o n  o f  t h e  a l l o y ,  and t h a t  P g+ + P^^ = 1 .
L e t  t h e  a v e r a g e  x d i s p l a c e m e n t  (m ea su re d  from p l a n e  + 1 i n  
t h e  s e n s e  o f  t h e  o r i g i n a l  v a c a n c y  jump) o f  v a c a n c i e s  r e a c h i n g  
e q u i l i b r i u m  s i t e s  be , which we s h a l l  assume t o  be i n d e p e n d e n t  of  
th e  i d e n t i t y  o f  T and o f  t h e  c o m p o s i t i o n  o f  t h e  a l l o y .  Then,  from 
i n s p e c t i o n  o f  f i g .  5> we can w r i t e  t h e  f o l l o w i n g  e q u a t i o n s .
a T “ Ps + ( “ 1 ~ ° T )
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m  m
er = P (-1 - a ) + P „ tsß s
Solving these equations for <7^ and a we obtain
-P
1 + P
and
p - PSP S 84-
1 + P
Hence, eqn3. (32) and (33) become
1 - P <TTT
and
fT - ^  Pe + k 1 + 2V « f (l+2< )v ----- — ------  ^
s+
(39)
(40)
TFor a pure material, f* » 1 , and so, from eqn. (40) ,
1 + 2xs = f ’ UO
where f is the value of f^ in a pure material. Since f is known for
cubic lattices (see table 3) , values for f can be calculated froms
this equation.
In order to evaluate P , it is necessary to re-examine ins+
more detail the possible movements of a vacancy on a nearest- 
neighbour +1 site. We shall define an excursion as the traversing 
by a vacancy of a path starting on a nearest-neighbour +1 site, and 
ending on a nearest-neighbour +1 site, but not passing through any 
nearest-neighbour +1 site or any site on the 0 plane. A vacancy on 
a nearest-neighbour +1 site can exchange directly with the tracer 
v/ith probability P ^  , make an excursion with probability , or 
move to an equilibrium cite without making an excursion with
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probability P^( = 1 - Pg(j,-PQ+). Let the jump frequency 
corresponding to P ^  be H . That is, H is the frequency with which a 
vacancy on a nearest-neighbour +1 site makes the first jump on a 
path contributing to . Then
P - - . . 3*sT 23 w + (n - 1 ) W T c
and
p' Hsß “ wT V (nc- 1) W ’
where h is the co-öfdiflatiöh iiumber of the lattiöe. c
After an excursion, the relative positions of the tracer 
and vacancy are unaltered, except that the vacancy may be on a 
different nearest- neighbour +1 site. Therefore,
Ps+ 8 + P* P 8+ 8 + 9
whence
1 - P P +P sT sP> w_+ Hm
(42)
When this expression is substituted into eqn. (39) » we obtain
T = 2wt + H ’
and hence, from eqns. (40) and (41) ,
T H
fv " f(2wT + H) *
(43)
(44)
It now remains only to evaluate H, which is assumed to be
a function of f . The effect of an f less than 1 is to increase v f v
P^+ at the expense of P ^  , because if < 1 , vacancies jumping away 
from nearest-neighbour +1 sites have a tendency to make reverse
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jumps, thereby completing excursions and contributing to . If 
f 0 , almost all jumps away from nearest-neighbour +1 sites will 
be reversed, and so Psp-»0 and H-»0, if we ignore the possibility 
that the vacancy may reach an equilibrium site in one jump. The 
simplest approximation to H is therefore
11 ■ H0 fv , (45)
where is a constant equal to the value of H in a pure material 
with vacancy jump frequency W . From eqn. (44) ,
Ho ■ (TTf)w • («>
If we now substitute eqns. (44) , (45) > and (46) into eqn. 
(38) , we obtain
0 . (47)
Equation (47) can be solved for f , and then f and fp can be found 
from eqns. (43) > (45) > and (46) .
§3» 2. Asymmetric Model.
In this section we construct a new model in which some of 
the approximations used in the symmetric model are eliminated.
Correlation Factors in Terms of Exchange Frequencies.
In the symmetric model it was assumed that the 0 plane is 
a plane of symmetry in the sense that vacancies arriving on the 
0 plane make no further contribution to . This is true for 
diffusion in a pure material, because of the symmetry of the
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configuration. However, in alloys the symmetry is lost "because the 
diffusion of the vacancies is correlated, so that a vacancy is more 
likely to leave a (ICO) plane in the direction from which it arrived 
than in the other direction. Therefore, we shall no longer consider 
sites on the 0 plane as equilibrium sites, but shall revert to the
P ,tracer-vacancy interaction probabilities P+ , and Pfl , as£ Pdefined in 3 3-1 • These interactions are illustrated in fig. 6.
The definition of an "excursion” has to be changed 
slightly to suit the new model. A vacancy on a nearest-neighbour + 1 
site will be said to make a + (-) excursion if it traverses a path 
leading to a nearest-neighbour +1 (-1) site without passing through 
a nearest-neighbour +1 or -1 site, and without exchanging with the 
tracer atom (except in exchanges entirely within the 0 plane). We 
shall denote the probabilities of + and - excursions by p| and p' , 
respectively. The probability that a vacancy on a nearest-neighbour 
+1 site will exchange directly with the tracer will be denoted by 
P,0 . A vacancy on a nearest-neighbour + 1 site will be said to move 
directly to an equilibrium site if it moves to an equilibrium site 
without making an excursion or exchanging with the tracer (except 
within the 0 plane), and the probability of this event will be
1 - F T- :P+ ~ P-  > • Let w , , and w<! be theP
and P
denoted by P^ (
jump frequencies corresponding respectively to p' ,+ r
(see fig. 7). Also, let x and x be the average x displacements of
vacancies reaching equilibrium sites along paths contributing to PaI I Pand Pß , respectively. We shall assume that x does not depend on
the identity of the tracer atom or on the composition of the alloy.
Another approximation in the symmetric model was the 
tacit assumption that the exchange probabilities of a vacancy on a 
nearest-neighbour +1 site do not depend on how the vacancy reached 
the site. However, because vacancy diffusion is correlated, a
36
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Fig. 7• Frequencies of vacancy movement along various paths
in the asymmetric model.
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vacancy which arrives at a nearest-neighbour site via an excursion 
has an enhanced probability of reversing the last jump of the
• t » I
excursion. Hence, the quantities P , P , T , x , P , P , P , P , w ,-f — P 1 4- — DI f r
w , and w after an excursion will differ from the corresponding
r
quantities before any excursions have taken place. They v/ill also 
depend slightly on what excursions have taken place, in particular, 
on the directions from which the vacancies arrive at nearest- 
neighbour sites after excursions. However, the latter effect v/ill 
be ignored, and v/e shall merely differentiate between the quantities 
before any excursions have taken place, denoted by the subscript t, 
and the quantities after any number of excursions have taken place, 
denoted by the subscript e.
The paths contributing to P+e , J , and PQ are the same -e pei i  , r
as those contributing to P+  ^, P and P ^  . The greater magnitudes
of the e probabilities result from the greater frequencies v/ith 
which vacancies that have just completed excursions set out on new 
excursions or on paths contributing to P^ . As the measure of this 
effect, we shall define a quantity g by the equations
e =  —
w+ t
where n
-eI
Pe w + w + w„ +e -e fie
W+t+ W-t+ Wpt-t pt
is the coordination number of the lattice.
w + w + v/_+ e -e pe
(n - 1 )W v c
, (48)
It is evident from fig. 6 that
- p+ t (~ 1 - V + p- t (1 + V
and
+ t ( - 1 - a-1) x v' p-t (•"
i \+ cr ) v' Pßt^t
Solving these equations and substituting into eqns. (32) and (33), 
v/e obtain
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and
v
where Q « P - P
1 - Q
f _ ____1
T " 1 + Q t
« W ' V 1) - o - Q t>ThTq^
(49)
(50)
We shall now derive some equations which will enable us to
T I I • texpress and f^ in terms of , P+ , P , P^ , and % , A
vacancy which has just exchanged with a tracer atom can re-exchange 
directly with the tracer with probability P , make a + excursion 
with probability , make a - excursion with probability P '^  , or
move directly to an equilibrium site with probability P*. . ThePt
respective probabilities that the vacancy will then complete a path 
contributing to P are 1 , P , P , and 0 • Therefore,■4* X “f* G “• 0
P . = P„. . 1 + P ’.P + P'.P + P ' . 0+ t Tt + t +e -t -e ßt
P_. + P'. P + p' P Tt +t +e -t -e (51)
By similar arguments, we find that
p-t = P , P + P . P ,+ t -e -t +e (52)
pßtx + K t h e \  + Ph PBe(-2- V  . (53)
Fßt
F+e = P„ + P' P + P' P ,Te +e + e -e -e 7 (54)
i a> ii p' P + P' P ,+e -e -e +e 7 (55)
and
p' -t' + p' PA r + p' PA (-2 - x ) x = pe______+ e pe e____ -e pe  ______ej
6 pße
(56)
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By s u b t r a c t i n g  eqn .  (5 2 )  from eqn .  ( 5 l ) ,  and eqn .  (55 )  
f rom eqn.  ( 5 4 ) ,  we o b t a i n
■ Pn  + 4 « e  (57)
and
%  -  p Te + ’
where q ' = - P ' ^  , e t c .  E q u a t i o n  ( 58 ) has  t h e  s o l u t i o n
(58)
1 -  Q,
and hence  eqn .  (57 )  becomes
Q+ PTt +
PTe S
1 -  Q*
E q u a t i o n s  (53 )  and (56 )  can be w r i t t e n
Fß t  ( x t + 1  ^ + 1) +
and
PPe K + 1 >
P; e ( - ' ^ )
1 -  q!
and on com bin ing  t h e s e  e q u a t i o n s , w e  o b t a i n
pPt ( x t + 1  ^ ° ( x 1) ( pPt +
PPe<4
1 -  Qn -
(59)
( 6 0 )
( 6 1 )
( 6 2 )
S ince  r  i s  assumed t o  be a c o n s t a n t ,  we can e v a l u a t e  i t
Tfrom c o n s i d e r a t i o n  o f  a p u re  m a t e r i a l .  In  a p u re  m a t e r i a l ,  f  = 1 , 
and t h e r e f o r e ,  from eqn .  ( 5 0 ) ,  ( T + 1)  = 1  , where t h e
s u b s c r i p t  p i n d i c a t e s  t h e  v a l u e s  i n  a p u r e  m a t e r i a l .  E q u a t i o n  (6^)  
now g i v e s
40
1 -  G
x + 1
and with the aid of eqns. (54) and (55)> this becomes
1 -  P,
x + 1 Ip
% Pßp
When numerical values from table 3 are substituted into this 
equation, it yields the following values for x' + 1 .
simple cubic : 1.5425739325 
bee ! 2.4894609063 
fee ! 2.0919805316
(63)
The next step in the evaluation of f^ and f^ is to express
PTt 9 PTe ’ t^ 9 Qe 9 Pßt 9 and Pße in terms of the jumP frequencies 
w , w' , w' , and w' , and the parameter g. It is immediatelyX 4” X — X p X
obvious from the definitions that
w„ w_
WT + W!t + w-t + Wpt wT + (nc- 1) W
- f t
- f t
v;T + (nc" W
-t
—t wT + (n0- 1)W
pt wT + (nc- 1)W
Prom eqn. (48),
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WT + W+e + W-e + wße WT + (n<T 1} «W
gw+ t
+ (n “ 1 )&W wm + (n " 1
and
-e
ße
gw-t
WT + (ncT 1 ^ gW
gw ßt
WT + (nc “  1)gW
Note also that since w ^  + w ' ^ = (nc~ 1) W ,
w - w +t -t ( n c -  1)W -  (wpt + 2w_;t ) (64)
When the above equations are substituted into eqns. (60) 
and (62), we obtain
Qh
and
WT + ^nc" 1
(t' + 1)w'
WT + (nc" 1)W
t +
(nc- 1 )W - (w’t+
WT + g(wBt+ 2wIt) •
(65)
1 + g
(nc-l)CT- (w^t + 2v/t)'
WT+e(> +2wIt} ■ • (66)
In the symmetric model, the calculations were simplified 
Tby the fact that f / f was a constant, l/f . Under slightly 
restricted conditions this also holds in the asymmetric model. From 
eqn. (60),
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Q,
PTt" PTt + PTe Qt
1- q’
and therefore
Pm+ + ( 1 -  Pn )Qe -  ( 1 -  Q„+ QTe' t e ^t
PTt+ V Qe
1 -  q '
1 -  Q,
1- Q, 1 PT t " Qt
1 -  q '
Similarly, from eqn. (62) ,
pgt+ 2P-t
1 -  q '
V (^t+1) ■
Hence, from eqns. (49) and (50) >
p ft+(*  + o
1 - a
fv » ^ ( S + D - O - Q t )
1 -  «4
4 1)
Ppt + 2P-t
gwpt(r'+ 1>
> + 2w-t
-  1
-  1
If w  ^ is proportional to , this is a constant, and since in a
pure material f = 1 and f
43
(67)
V f
Thus, for any model in which w  ^ is proportional to , f^ can he 
calculated from eqns. (49)> (65)> and (67), and eqns. (50) and (66) 
are not needed.
Evaluation of w  ^ , and g in Various Submodels.
It now remains only to evaluate w  ^ , and g. First of
all, let us note that if g » 1 , eqn. (65) reduces to
Q,
and hence
WT+ w^t+ 2w-t
I I
w„ , + 2w-t
2w t+ w^t+ 2w_t
(68)
This equation is identical with eqn. (43) if we set w«^ + 2w  ^ equal
1
to H. Thus, any asymmetric model in which g = 1 and w is
I
proportional to w ^  is equivalent to a symmetric model in which
H ■ wit+ 2w-t
proportional to f , the asymmetric model reduces completely to 
Manning's symmetric model.
If, in addition, we assume that w ^  and w  ^ are
In order to find out more about the dependence of w and
1 ~  t
Wp^ on fv , the correlated diffusion of a vacancy from a nearest- 
neighbour +1 site was simulated by computer. In order to make the 
simulation a3 simple and fast as possible, it was not carried out by 
directly simulating the diffusion of a vacancy in an alloy. Instead,
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the following very simple model was used, The jump frequency to 
nearest-neighbour sites was set at W , except for jumps to the site 
which the vacancy last occupied. The frequency of jumps to this 
site was set at (n^~ n^+ l)W, where n^ is a parameter which can be 
varied to give different correlation factors. The total jump 
frequency of the vacancy is then n^W , and as n^ ranges from n to 
oo, the correlation factor f ranges from 1 to 0. It is easily 
shown that n^ is related to f^ by the equation
and to g by the equation
a + ( (69)
The method of simulation was to start the vacancy at a 
nearest-neighbour +1 site, and after each jump to test whether the 
vacancy had reached a nearest-neighbour +1 or -1 site. If not, 
another jump was made, up to a maximum number of jumps N. Vacancies 
which had still not reached a nearest-neighbour +1 or -1 site after
I
N jumps were counted as contributing to w ^  • It was found that, for 
large N , the number of vacancies counted as contributing to a 
particular jump frequency was an almost linear function of 1// n . 
Thus, by using several values for N and plotting the results as a 
function of l//N, it was possible to extrapolate to l/,/N = 0, that 
is, to N = oo .
Simulations were carried out in the bcc lattice with
f = 4* ,t: f t f and 1. For each value.of f , 20,000 trials were v 4 2 4 v
made. The maximum number of jumps in each trial ranged from 45 for
f = 1 to 180 for f = t . The extrapolated values obtained for v v 4
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w ^/w and w ^ / w  are shown in fig. 8. It was found that these values 
could be represented quite well by the equations
-t / f (__iiL.)-p V Vo. 7 + f / (70)
and
' ffop v\3.3 + f / #Wßt a wß A  V 3. (71)
It is clear that w  ^is not proportional to w ^  , and so eqn. (67) 
does not apply.
The above equations were substituted into eqns. (65) and
(66) , and thence via eqns. (50) and (38) an equation for f was
obtained. This equation was solved by iteration, and then eqns.
(49) and (50) were used to obtain Values for f^ , f^ , f^ , and f^ .
These calculations were carried out over a range of values of N. andA
WA/WB *
The partial correlation factor f associated with vacancy 
exchanges with the slower-diffusing component, 3, must always be 
greater than 1, because a vacancy which has just exchanged with a B 
atom has a less-than-random probability of reversing the exchange. 
However, for large w /w and small N , the above calculations give•ß Ä A
values for f less than 1. This contradiction probably arises from 
errors in the assumptions leading to eqns. (65) and (66), as well as 
from possible errors in eqns. (70) and (7l).
Because the results of the computer simulation were
unsatisfactory,* a different approach to the calculation of w 1 and
w' was sought.Pt
Let k , k^ , ... k denote the lattice 3ites which are ~1 ~2 ~m
nearest neighbours of nearest-neighbour +1 sites, but which are not
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0.0 0.5 fv
1 . 0
Pig. 8. w^/w and *'^/w for bcc lattice.
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t h e m s e l v e s  n e a r e s t - n e i g h b o u r  +1 s i t e s  o r  t h e  t r a c e r  s i t e ,  and l e t  .
M it
w . and wQ . he t h e  f r e q u e n c i e s  w i t h  w h ich  a v a c a n c y  on k .  l e a v e s  on
- l  p i  ~ i
p a t h s  l e a d i n g  d i r e c t l y  t o  n e a r e s t - n e i g h b o u r  -1  s i t e s  and e q u i l i b r i u m  
s i t e s ,  r e s p e c t i v e l y .  I f  f  <1 , v a c a n c i e s  t h a t  l e a v e  k . o n  p a t h s
^ H n
w hich  might  have c o n t r i b u t e d  t o  w ^ o r  w ^  have  a t e n d e n c y  t o  jump 
b a c k  t o  k^ . However,  any s uch  v a c a n c i e s  t h a t  r e t u r n  t o  k ^ a r e  i n  a
it  tt
p o s i t i o n  t o  make a n o t h e r  a t t e m p t  t o  c o n t r i b u t e  to  w . o r  v;f l . , and so
» - 1  & x ’
w  ^ and w ^  a r e  n o t  s t r o n g l y  d e p e n d e n t  on f ^ . T h e r e f o r e ,  i t  i s
it it
r e a s o n a b l e  t o  make t h e  a p p r o x i m a t i o n  t h a t  w_^ and w ^  a r e  c o n s t a n t s ,  
i n d e p e n d e n t  o f  f  .
I f  a  v ac a n c y  r e a c h e s  s i t e  k^by e x c h a n g in g  w i t h  a T atom, 
i t s  t o t a l  jump f r e q u e n c y  away from k^ i s  w ^ , + ( n Q-  1 ) W. T h e r e f o r e ,  
t h e  p r o b a b i l i t y  t h a t  t h e  v a c a n c y  w i l l  move d i r e c t l y  from k .  t o  an
t |  ^  J-
e q u i l i b r i u m  s i t e  i s  wßj_/ ( wrp» + ( n Q -  1 ) W) . Hence,
L
i=1
W ' bx V BWßi
+ (n  -  1)W + W- + In  -  1 )W.
V a V b
,wA + ( n , -  1JW wB+ ( n c -  UW (72)
!l ^
where wR *2_j WA- * and- s i m i l a r l y ,
i=1
- t
N. w A A V b
_w„ + ( n n -  1 )W VVB+ ( n „ ~  1)WJ - ( 73)
It •• t
where w = /_! w • • l''rorn e q n s .  (7 2 )  and (73 )  9 we o b s e r v e  t h a t  w— . 4 —l  — "t
1  =  1
t
p r o p o r t i o n a l  to  w„^ _ , and so eqn .  (67 )  h o l d s ,  and we need  t o  know
• t
o n l y  th e  v a l u e  o f  wR^+ 2w  ^ , r a t h e r  tha n  the  s e p a r a t e  v a l u e s  o f  wß t
and w . Th i s  v a l u e  i s  g iv e n  by
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w&t + 2w-t
HAWA nbwb
Vi + (n - 1)W + (n - f)W_
r I* »» —lK + 2 w_J . (74)
For a pure material, eqn. (74) reduces to
n itwQ + 2w P
■ I
n (w. + 2w )c pp -p
I Iw„ + 2w-PPp
and with the aid of eqns. (49) > (59) > and (64) it may he shown that
G r r ) ff ■ Ho *
Equation (74) may therefore he written
V a V b
-WA+ ^ c" + V,B+ (n0~ 1 )W J 'V +2w’-t Hnn 0 c (75)
If we attempt to apply similar methods to the evaluation 
of g, we find that g is not well defined hy eqn. (48) . If a vacancy 
returns from an excursion by the same route hy which it started the 
excursion, the configuration around the vacancy is the same as 
before the excursion, and therefore
8 - 1 (76)
On the other hand, if a vacancy completes an excursion hy arriving 
at a nearest-neighbour +1 or -1 site which it has never before
Ioccupied, the probability that it arrives by exchanging with a T
atom is ,w^, /w . Once the vacancy has so reached the site its
total jump frequency to sites other than the tracer site is
wmf+ (n - 2)W • Hence, l c N.w. N_w
- i ^ WA+ «"o' 2W  + — W-h WB+ ("0- 2)W)
8
(n - 1 )W
V'a2 + V b2 + ^nc~ 2)’v2 
( % -  O W 2
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rs 1 + V b(wa- V
(n - 1 )W2 x c
(77)
The best value for g would be somewhere between the 
extremes of eqns. (76) and (77) • However, g as given by eqn. (77) 
differs greatly from 1 only when WA/Wg is large and small, and 
hence only when f^ is small. Under these conditions, most 
excursions are of the type leading to eqn. (76) . Furthermore, the 
values of f , f , and fß obtained by using eqn. (77) are not much 
different from those obtained by using eqn.(?6). For these reasons, 
and because of the simplicity of eqn. (76) , eqn. (76) is preferable 
to eqn. (77) •
f iIf w , w_t , and g are given by eqns. (72) , (73) , and (76), 
respectively, then eqns. (67) and (68) hold, and the asymmetric 
model is equivalent to a symmetric model with H given by
Hn n 0 c
y A
« A + ( " 0 -  1 ) w
N_w_ B B
wB+ (no- 1)W
Several other approximate expressions for w„^+2w  ^or H
readily suggest themselves. The simplest approximation is to put 
H = H and g = 1 . It was pointed out that Manning's model is0 I i
equivalent to an asymmetric model with w ^  + 2w  ^proportional to f^
and g = 1 . An obvious modification is to use eqn. (69) for g while
1 1retaining the linear dependence of + 2w_+^ on f^ . This model may
tl  Mbe further modified by introducing the quantities w^ and w , and
carrying out an analysis similar to that leading to eqn. (7b)• The
1 1resulting expression for 2w  ^ is
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wpt+2w-t
/ 2f \ [ (— y~)0 M  + f / v
(78)
When w^ = 0 and is small, a vacancy that has just
exchanged with a B atom may he completely surrounded by B atoms, and
thus be unable to move. Therefore, as l\L-»0 (or, equivalently, as 
B 13f -» 0) , cr 0 and f 1 . None of the models considered 30 farv v v
shows this behaviour, but the asymmetric model may be made to do so• I
by a suitable choice of wQ , and w , , as discussed in the next J ßt -t
paragraph.
If « 0 , eqns. (50) , (65) , and (66) give
„B 2wpt^' + 1^
f V " ~ ------- *—  “ 1 *
g
and hence, f » 1 if’ v
wut + 2w-t
_+I
wßt
Let us assume that w ^  and w  ^may be represented as functions of
by the equations
and
v  - *;P P> V
c + 1
r\ - w ‘ ( - ^ )  -t -p \ c + f /
(The form of these equations is suggested by eqn.(78) , and the values 
obtained by simulation fit equations of this type.) When the
condition
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lim
f ->0 v
-t
is applied to these equations, we obtain
2w (1 + i/c )
- P  ' -
wpP(l + l/op}
This equation is not sufficient to determine and c__ . Another 
equation relating to c is needed. The equation used was
lira
f ->0 v
w6t+ 2w-t - lim /
■>0 l
I Iw„ + 2w . ,2f v(-V)
that is,
wpp(i + i /y  + 2w_p(i+ i/c_) 2(%+2V (80)
The choice of this equation was necessarily somewhat arbitrary, but 
can be partly justified on the following grounds : (a) for the bccI *
lattice, 2w  ^as f°un<i by simulation is fairly well represented
by eqn. (7Ö) > (b) eqn. (8o) leads to simple expressions for c^ and 
c ; and (c) if eqn. (79) is satisfied, the correlation factors do 
not depend very strongly on the choice of the other equation needed
to determine cQ and c
P Equations (79) and (80) have the solutionsV T'+1)
2(Pft + 2P )- PR (* + 1)  ^ ßp -p ßp '
and
or, in terms of P
P (*£ + 1 ) -P
-P
* (p(jp+2P-p> - V * +1> 
Qp , and P ,
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and
°p ■ i-12Qp
§3» 3» Comparison of Models.
V/e shall now summarize and compare the models we have 
considered.
Symmetric Models.
[31] H * H0 fv (Manning's model).
[S2] H = HQ no V a - n b w bLwA + ( n c-l)W ' wB + (no- 1)WJ •
[S3] H = H0 .
Asymmetric Models.
[A1] Wpt + 2w_t * H0 fv , g - 1 + ( ) (
1 -f V 
_ - V  \
\n - 1 A  c 2f / *V
wpt " wpP
( V 1 \ f 1 / c + 1” 1 -pU ß + f v ) V  ’ -t
C . ___  V
= V,-P V c + f  J v  9
-  V
+II n - 1 A  2f / ’c v
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where cß ’ 1 - 2Qy and c P + PR Q ' -P PP P
[Ä3] Wf,t+2»_t
/ 2f \(rrr).
1 ~ f
g ® 1 + ( i r ^ ) ( T r ! )  •
[A4] wß t + 2w_t = H_ n0 c
V a n bw b
uWA + (n0- l)w + (no- 1)W_
g = 1 + W WA- WB}
(n - 1 )W2
[A5] wpt - w
c
CD + 1• ( r . ^ f c + 1
-t ''Cfrr)
1- f
g = 1 + ( r h X . - * * )  ■
where cQ and c are constants found by simulation. 
P
Some results obtained from the above models are compared
in table which gives some values of f and f /f^ for the bcc
lattice, and in fig. 9> which, shows values of f for the fee
lattice. The quantity f /f„ is important because it relates the
^  ^ * *tracer diffusion coefficients and to the jump frequencies wA 
and w„ iD
V db
V WB
In model [Si] (Manning's model), we note that when
w /w » oo and N. is small, f = 0  and f /f„ = 0. As a consequence, A li A V
the model predicts an upper limit to the value of D^/D^ for small 
N . However, model [Al] , which differs from model [Si] only in that 
g =£ 1 , does not show this behaviour, nor do any of the other
models. It may thus be concluded that this anomalous behaviour in 
Manning's model is the result of approximations which are
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M o d e l
f
V f A / f B
na - 0.5 
wA/ wB -  5
Na = 0.2 A
w./w. = 0 0  
A a
N = 0 .5
A
V WB = 5
Na = 0 .2  A
V WB "  “
[31] 0.8656 0.0000 0.6645 0.0000
[A1] 0.8754 0.2523 0.6704 0.1835
[A2] 0.8772 0.2971 0.6822 0.2543
[S2] 0.8940 0.3606 0.6827 0.2622
[A3] 0.8965 0.3679 0.6841 0.2676
[A4] 0.8980 0.3966 0.6851 0.2884
[S3] 0.9088 0.4782 0.6922 0.3477
[A5] 0.8343 0.1925 0.6763 0.2273
Table 5* Comparison of and f /f^ 
in the bcc lattice for various models.
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Model [S2] 
Model [A2] 
Model [S1]
Pig. 9. f for the fee lattice, calculated from 
models [S2], [A2], and [Si].
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unsatisfactory when N, is small and w. /w_ large, and thatA A a
* . *correlation effects do not cause D^/D^to approach a limit as
w A / w B -> 00 •
Models [A1] and [S3] may "be discarded, as we have no 
evidence that the approximations they entail are realistic. Models 
[A4] and [A5] are unsatisfactory for the reasons already discussed 
in §3.2.
Models [S2] and [A3] differ only in that in model [S2] the 
diffusion of vacancies away from nearest-neighbour +1 sites is 
treated as taking place in the actual alloy, while in model [A3] 
this diffusion is assumed to take place in a hypothetical medium in 
which the vacancy jump probabilities depend only on the direction of 
the previous jump. The fact that these models give very similar 
results shows that these approaches are almost equivalent. Model 
[S2] is preferable to model [A3] because of its greater simplicity.
Model [A2] gives qualitatively correct behaviour for all 
the correlation factors as N^-^0 and wa / "e ~*°° ’ anci PresurnabiM 
gives the best values for the correlation factors over the whole 
ranges of and WA /WB • When is small or WA /WB large, model
[A2] is significantly better than model [S2] for the calculation of
A Bthe vacancy correlation factors f , f , and f^ , but for the
calculation of the tracer correlation factors f and f , model [S2]A D
will usually be satisfactory.
Model [S2], being a symmetric model, has the additional 
advantage that it can be applied directly to Manning's theory of 
diffusion in a chemical concentration gradient (Manning 1967b). In 
the remainder of this thesis, model [S2] will be referred to as the 
modified symmetric model.
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§3«4. Conclusions.
The correlation factors for diffusion in unordered binary 
alloys are given approximately by the equations
2w t + H (81)
and
„T TX 8 _V f (82)
where
H n 0 c V a nbwbu WA+ (nc- 1 )w wB+ U c- 1 )w (83)
The latter equation replaces Manning's equation
H . H0 fv , (84)
and gives qualitatively correct values for and f^/f^ as
w oo and N,-»0.A' B A
The above expressions for the correlation factors should 
be accurate enough for most purposes, but when is small or WA/WB 
large, the vacancy correlation factors as given by eqn. (82) may be 
appreciably in error, and it may be necessary to use the more 
accurate expressions described in §3*2 and §3*3 (model [A2]).
If N. is not small or w /w is not large, eqns. (83) and A A B
(84) give similar values for f^/f^. The choice between these
equations is then a matter of convenience. For example, it will be
shown in §4 that certain quantities are most easily expressed in
terms of D./d_, by using eqn. (84) and in terms of w /w by using A B  A B
eqn. (83).
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§4. DIFFUSION IN A CHEMICAL CONCENTRATION GRADIENT.
In this section, some of Manning's results for diffusion 
in a chemical concentration gradient (Manning 1967L) will he derived 
by a simplified method, and it will be shown how these results must 
be changed when the modified symmetric model for correlation effects 
is used. It will be assumed that the diffusion takes place in an 
unordered binary alloy as described in §3 .
As our starting point we shall take the equations
3 cr
JT * “4  $ 9 7  + 2oTI)T Bd" 1 (85)
and
-J-R . v“ n cdN H a v
(Manning I967"b). In these equations, J^ , and c(^ are respectively the 
atom flux and atom concentration of atomic species T , is the 
vacancy flux, c( = c^+ c^) is the number of lattice sites per unit
volume, and ij) is a thermodynamic factor defined by
3 In yA 3 In yB
$ * 1 + 3 In 1,' “ 1 + 3 In N„A B
where ^^ is the activity coefficient of species T. For the purposes 
of this derivation, B may be considered to be defined by eqn. (86) .
Equation (85) differs from Darken's corresponding equation (Darken 
1948) by the inclusion of the second term on the right-hand side, 
the "vacancy flow" term.
Since the vacancy flux is equal but opposite to the net
atom flux,
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Jv ’ “ (JA +JB) ’
and so, from eon. (85) ,
3c.
- 2cA DA Bd“1 + ^  $ TGT “ 2cb db Bd'1
Hence, from eqn. (34) ,
n cd" N [(- w. f. + wBfB) $ ^  - 2d"1 + H.w-f-)] .A A B B' * Bx A A A B B B'
Equating this expression for with the expression found from eqn.
(86) , and solving for B, we find
dH-1 a K fA~ V b} $ FT (87)
where
t1 - H (NAWA1A + NBWBfB^ (88)
From eqn. (81),
V A -  V b
w, H A wbh
2w. + H 2W-0+ HA Jb
h2(wa-wb)
(2wa +H)(2w b + H)
W WA" WB)
Thus, eqn. (87) may he written
dH“ 1« f  f (W - w ) $A B ' A B' IT (89)
Intrinsic diffusion coefficients D can he defined hy the equation
-I),T Bx
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On substituting eqn. (89) into eqn. (85) , we obtain 
JA = $ (1 + 2NA (WA ~ WE^fAfB
and
JB ‘ -I)B M 1 - 2NB (wA _ W b aH'1) •5T •
Thus, the intrinsic diffusion coefficients 1). and D are given byA D
D* f (1 + v0 (90)
and
D* $ 0  - v.) , (91)
where
VT " 2NT(WA" WB)fAfB °cH
-1 (92)
The velocity v^ of the markers in a Kirkendall-shift 
experiment is given by
JA - JB 
k c A + c, (“a - V  -57'A ' B
(Barken 1948) . When eqns. (90) - (92) are substituted into this 
equation, we find
3N,
"37
3N._ I
3x
[Da- Bb + 2(wA - wB)fAfB aH I^a ^A + NBDB^j $
w  „  „ v  . . lt
^A" DB + 2(DA~ ^ B^  aH N^AWAfA+ NBWBfB^ $
/ *  *  V
< V  V
2H-1(lf.w.f. +
1 + A A A  B B B-
1 - 2H_1 W£V bV  J
UiN ,
$ "ST
(V  Bs) f « 5T (93)
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Similarly, Darken's equation for the interdiffusion coefficient,
u ■ nadb + V a -
becomes
(NX  + v>I> 1
2(wa - wB)fAfB o:H-1N4Nn(Da- D*)
1 + A B' A
V b + V l
< w  nbd2> f3 (94)
where
1 + ^ b^ W v  Vi
H( V O f n + Hnw,f.)
(95)
'A"B*B ' ‘B A A-
Equations (93) and (94) differ from Darken’s corresponding equations 
only by the presence of the factors oc and S, which arise from the 
vacancy-flow term in eqn. (85).
Equations (88) , (92) , and (94) express oc , V , and S as
functions of w, and w , but for comparison of theory with experiment a a
it is more convenient if these quantities are expressed as functions 
* *of D^ and D^ . In the modified symmetric model, this can best be
done by iteration. However, in Manning's model, oc , V , and S can•*
be expressed as simple functions of D. and D_,. If eqn. (84) isA B
substituted into eqn. (88), we obtain
1 -
1 -
2^NAWAf A + NBW3f B^
H_f 0 v
2f W f
-1
2f W f /( 1 - f) _
_  1
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H ence ,
f Af B^WA~ WB^ a H
-1 (V a -  f BWB}
f  (H_/w)  (M .w .f*  + N_w f B) O' A A v 3 B v '
f AWA -  f BWB
Mq ( "a ' V  A + NBWBf B^
* * 
da -  db
Mo<V l + V b>
where  « H^/w • öqtts.  ( 9 2 ; and (95 )  become
2Ht  <da -  V
W l + Vb)
and
1 + 2W ”I -
W b + v l ^ v l  + v *b>
I f  N. i s  n o t  s m a l l  o r  / w D i s  n o t  l a r g e ,  M anning’ s model 
A A a
and t h e  m o d i f i e d  s y m m e tr ic  model g iv e  s i m i l a r  v a l u e s  f o r  , oc, and 
S .  As an exam ple ,  f i g . 10 shows v a l u e s  o f  oc c a l c u l a t e d  from t h e  
m o d i f i e d  sym m etr ic  model f o r  t h e  f e e  l a t t i c e .  These v a l u e s  may be 
compared w i t h  t h e  c o n s t a n t  v a l u e  o f  1 .2 8 0  p r e d i c t e d  by M a n n in g ' s  
model .
63
P ig .  10. The f a c t o r  oc f o r  the  f e e  l a t t i c e ,  
c a l c u l a t e d  from model [ S 2 ] .
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PART II.
MEASUREMENT OP THE VACANCY-PLOW EFFECT 
IN THE INTERDIFFUSION OF SILVER AND GOLD.
§ 1. THEORY.
§1.1. Description of the Vacancy-Flow Effect.
When diffusion takes place in a chemical concentration 
gradient, there is usually a net flux of atoms in one direction, and 
therefore, when the diffusion is by the vacancy mechanism, a net 
flux of vacancies in the opposite direction. This vacancy flow 
gives rise to additional terms in the equations relating the atom 
flux to the tracer diffusion coefficients, and hence also in the 
equations for the intrinsic diffusion coefficients, the 
interdiffusion coefficient, and the Kirkendall shift. Part II of 
this thesis describes an experimental investigation of the effect of 
the vacancy flow in the interdiffusion of silver and gold.
Diffusion in a chemical concentration gradient is most 
easily investigated in a diffusion couple containing only two 
components, A and B. Inert markers are placed between the two 
halves of the couple, which is then welded together by applying heat 
and pressure. The couple is then annealed at a constant temperature. 
If one component, say component A, diffuses faster than the other, 
there will be a net flux of atoms out of the A-rich half of the 
couple, and the markers will therefore tend to move towards the 
A-rich end. This movement was first observed by Kirkendall 
(Smigelska8 and Kirkendall 1947) > and is known as the Kirkendall
effect
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We shall refer to the position of the atomic planes that 
were at the original (pre-diffusion) interface as the Kirkendall 
interface. It is usually assumed that the inert interface markers 
remain at the Kirkendall interface during the diffusion process. 
However, it was found during the present investigation that this may 
not always he true. Possible reasons for this will be discussed 
later.
If the diffusion couple is sufficiently large, and the 
crystal structure is isotropic, the concentration gradient in the 
region not near the surface is always perpendicular to the original 
interface between the two halves of the couple. Thus, if we 
restrict our attention to this region, the problem is essentially 
one-dimensional. Distances measured perpendicular to the original 
interface will be denoted by the variable x .
For simplicity, we shall assume that the mean molar volume 
of A-B alloys does not vary with composition. For more general 
treatments, see Crank (1956) and Balluffi (1960) .
The flux of matter in a diffusion couple at a given 
temperature is proportional to the concentration gradient, and the 
constant of proportionality is called a diffusion coefficient. It 
is possible to define several diffusion coefficients, depending on 
the frame of reference in which the flux is measured. The frames of 
reference usually chosen are the crystal lattice at the point under 
consideration and the crystal lattice outside the diffusion zone.
■bet c^ be the atom concentration of the atomic species T (either A 
or B) , let be the atom flux of species T relative to the crystal 
lattice at the point under consideration, and let be the atom 
flux of species T relative to the crystal lattice outside the 
diffusion zone. The intrinsic diffusion coefficient D^ is defined
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by the equation
-J.____T
Öc^ /ö:T d ™/ox
and the interdiffusion coefficient D is defined by the equation
(1 )
5 9yd:
Darken (1948) showed that the intrinsic diffusion 
coefficients are related to the interdiffueion coefficient by the 
equation
s da n b + d b ha (2)
where N^ , is the mole fraction of species T, and to the velocity v 
of an atomic plane in the diffusion zone by the equation
V (3)
v, is measured relative to the lattice outside the diffusion zone, k
Neglecting the vacancy-flow effect, Darken also showed that the 
intrinsic diffusion coefficients may be expressed as
3ln*T \1 + din N_ (4)
where D^ and y^  are respectively the tracer diffusion coefficient 
and the activity coefficient for species T. Thermodynamic 
considerations show that
d In ö In
1 + öln N. 1 +
*B
öln N,'A .....B
If we denote this quantity by <]j , eqn. (4) becomes
(5)
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When eqn. (5) is substituted into eqns. (2) and (3) , we obtain
5 (6)
and
(7)
If the higher concentrations of the fasteir-diffusing 
atomic species A are at the right of the diffusion couple, the 
vacancy flux will be from left to right. Therefore, a vacancy is 
more likely to approach a given atom from the left, cause a jump, 
and then move atoay to the right, than it is to approach from the 
right, cause a jump, and then move away to the left. As a result, 
the atom will jump more frequently to the left than to the right. 
Thus, the effect of the vacancy flow is to increase the flux of A 
atoms and decrease the flux of B atoms. This gives rise to 
corresponding changes in the intrinsic diffusion coefficients.
Manning (196Tb) showed that when the vacancy-flow effect 
is taken into consideration, eqns. (5) - (7) must be altered to
Da - D*$(1 + Va) , (8)
db - D*$(1-VB) , (9)
D - (d2 nb + D*Na) <j>S , (10)
3n
vk - • (11)
These equations reduce to Darken's equations if the values of the 
factors (1 + V.), (1 - V-,) , S, and oc are all equal to 1. However, 
Manning calculated that the values of these factors should be given 
by the equations
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1 +
'(■aV V b)
(1 - f) Na Nb CD* - D*)g
f(NADB+ V l ^ A  V V b>
( 12)
(13)
B A '
and
- a “ f 9 (14)
where f is the correlation factor for diffusion by the vacancy 
mechanism in a pure crystal with the given lattice structure.
Note that if D « D , eqns. (12) and (13) give V.-V^-O A r  A B
and S - 1 • Manning's equations for the diffusion coefficients then
become the same as Darken's. This is to be expected, as there is no* *net vacancy flow when D. ■ D^ .A B
§1.2. A Parameter Suitable for Accurate Measurement 
of the Vacancy-Flow Effect.
The most accurate measurement of the vacancy-flow effect 
to date is that of Meyer (1969) > who measured the Kirkendall effect 
in the silver-gold system. He found that the measured Kirkendall 
shift agreed with the theoretical value predicted by eqn. (1 1) to 
within the probable experimental error of ± 5%.
Meyer's measurement of the Kirkendall shift was, in effect,
a measurement of the quantity a in eqn. (11) . In order to calculate
# *a from v^ , it is necessary to know the values of , Dß , $, and 
0N /3x . The determination of these quantities, especially 3N /3x, 
is subject to considerable experimental error. Meyer avoided the
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experimental measurement of 3n ^/3x  by computing it from a 
theoretical solution of the diffusion equation.
It will now be shown that many of the sources of 
inaccuracy in measuring the vacancy-flow effect are eliminated if 
the quantity oc/s is measured instead of a .
Prom a graph of N, against x, the interdiffusionA
coefficient D may be found by an analysis due to Boltzmann (1894) 
and Matano (1933) • Let us assume that 5 is a function of N^ only,
and that at time t - 0 , N^ * 0 for x<0 and N^ « 1 for x>0 . The 
main results of the Boltzmann-Matano analysis are as follows :
[1] N^ may be expressed as a function of the single variable 
x//t.
[2] After a given diffusion time t , the interdiffusion 
coefficient D at composition N^ is given by
N.
1
2t
dx
dN. x dN, (15)
(in this equation, t is regarded as a constant, and is therefore 
a function of x only.) When N^ » 1 , dN^/dx *• 0 , and therefore
1
x dN * 0A
L0
This equation enables the position x * 0 to be obtained from a graph
of N. against x, as shown in fig. 1 . The vertical line is at x = 0 A
if the area I. is equal to the area I„ . The position x * 0 obtained A 0
in this way is called the Matano interface.
Prom eqns. (10) and (1 1 ),
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1 . 0
0 . 5
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x
P ig . 1. T y p ica l g raph  o f  a g a in s t  x .
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oc
S L(d*-D*)3m /3iJ/A B' ” 'A
and w i th  th e  a i d  o f  eqn . ( 1 5 ) » t h i s  becomes
5
- W  d*bV
OC
s - 2  tv,
ßNB + N
ßfrVUx dN (16)
where ß * D^/D^ • ^  w i l l  be shown i n  § 1 . 3  t h a t  the  s h i f t  x^ o f  
the  K i r k e n d a l l  i n t e r f a c e  i s  p r o p o r t i o n a l  to  / t  . I f  ■ C / t  , 
then  the v e lo c ity  vK of the K l r k e a d a l l  i f t t e r f a e o  i§  given by
d^
d t
_C_
y t 2 t
Hence, from eqn. ( l 6 ) ,
oc
S - 1*
+ na1 / x dN
P - 1 - 1 / - U A
(17)
where N„ i s  th e  v a lu e  o f  N, a t  t h e  K i r k e n d a l l  i n t e r f a c e .  K. A
The q u a n t i t i e s  on th e  r i g h t - h a n d  s id e  of  eqn. ( l 7 )  can be 
measured e x p e r i m e n t a l l y ,  and a v a lu e  f o r  oc/s c a l c u l a t e d .  This  
v a lu e  may then  be compared w i th  the  v a l u e ,  1, p r e d i c t e d  by D a rken 's  
a n a l y s i s ,  and the  v a l u e ,  t y p i c a l l y  about 1 .2  f o r  the  f e e  l a t t i c e ,  
p r e d i c t e d  by Manning 's  a n a l y s i s .
The p a ra m e te r  oc /s  has  the  f o l l o w i n g  advan tages  as a 
measure o f  the  vacan cy - f lo w  e f f e c t :
[ 1 ]  The d i f f u s i o n  t im e ,  th e  c o n c e n t r a t i o n  g r a d i e n t ,  and the  
thermodynamic f a c t o r  a re  no t  needed f o r  i t s  c a l c u l a t i o n .
[ 2 ]  Only the  r a t i o  o f  the  t r a c e r  d i f f u s i o n  c o e f f i c i e n t s  need be
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known. S ince  t h i s  r a t i o  does  n o t  v a r y  as  r a p i d l y  w i t h  
t e m p e r a t u r e  a s  t h e  d i f f u s i o n  c o e f f i c i e n t s  t h e m s e l v e s ,  
i n a c c u r a c i e s  i n  t e m p e r a t u r e  measurement a r e  r e l a t i v e l y  
u n i m p o r t a n t .
[ 3 ]  The a b s o l u t e  s c a l e  o f  t h e  x a x i s  i s  n o t  n e e d e d ,  b e c a u s e  x 
a p p e a r s  i n  b o t h  t h e  n u m e r a t o r  and t h e  d e n o m in a to r  i n  eqn .  ( 1 7 ) .
§ 1 .3 »  The P o s i t i o n  o f  t h e  K i r k e n d a l l  I n t e r f a c e .
I t  w i l l  now be shown t h a t ,  i n  any d i f f u s i o n  coup le  
c o n fo rm in g  t o  t h e  Boltzmann-M atano  a n a l y s i s ,  t h e  d i s p l a c e m e n t  x^ 
o f  t h e  K i r k e n d a l l  i n t e r f a c e  i s  p r o p o r t i o n a l  t o  J t  . ( F o r  a 
d i f f e r e n t  p r o o f ,  s e e  Adda and P h i l i b e r t  ( 1966 ) ,  p .  5 9 2 . )
Le t
and
x
n
na dx
e
-  00
'B
00
n
N dx 
B
( s e e  f i g .  1 ) .  I ^ / l j ö  rema i n s  c o n s t a n t  f o r  any p l a n e  which  i s
p e r p e n d i c u l a r  to  t h e  x a x i s  and which  moves so a s  t o  s t a y  a t
c o n s t a n t  c o m p o s i t i o n .  ( T h i s  f o l l o w s  f rom t h e  f a c t  t h a t  N may be
r e p r e s e n t e d  as  a  f u n c t i o n  o f  x / / t  . ) I  /  i  a l s o  r e m a in s  c o n s t a n t
A B
f o r  t h e  p l a n e  which  i s  f i x e d  i n  t h e  c r y s t a l  l a t t i c e  and which  i s
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chosen so that
(18)
Therefore, this plane, which we shall call the ’’equilibrium plane”, 
stays at constant composition, and its x coordinate is proportional 
to /t • From eqn. (l) , eqn. (18) is equivalent to
(19)
since dN^/öx - -BN^/Bx
When t is very small, the diffusion zone is also very 
small. Therefore, the Kirkendall interface and the equilibrium 
plane must be very close together in the initial stages of the 
diffusion. In the ideal case of perfect conformity to the 
Boltzmann-Matano analysis, we can let t become infinitesimal, and 
and the Kirkendall interface and the equilibrium plane will coincide. 
The displacement x^ of thö Kirkendall interface is therefore 
proportional to .
Under actual experimental conditions, D./d ^ will usuallyA a
vary with time during the warm-up and welding period, and because of 
this the equilibrium plane may become slightly separated from the 
Kirkendall interface. However, if steady conditions are reached 
quickly, the separation will be small. During the annealing, the 
separation will slowly decrease or increase according as the lattice 
in the region is contracting or expanding, but even in the latter 
case, the composition of the Kirkendall interface will approach the 
composition of the equilibrium plane. Thus, the displacement x^ of 
the Kirkendall interface is approximately proportional to /t , the 
accuracy of the approximation depending on the degree of conformity 
to the Boltzmann-Matano analysis.
§2. TRACER DIFFUSION COEFFICIENTS 
IN SILVER-GOLD ALLOYS.
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In order to calculate <xfS from eqn. (17) 
at the Kirkendall interface is needed.
the value of
Mallard, Gardner, Bass, and Slifkin (19^3) have measured 
D^ and D^u in silver-gold alloys of several compositions, at 
temperatures from 700°C to 1000°C. From these diffusion 
coefficients they calculated frequency factors and activation 
energies. However, the published frequency factors were rounded off 
to two significant figures, and since this could introduce 
unnecessary errors (of up to 5$) > the frequency factors and 
activation energies were recalculated from the published values of 
the diffusion coefficients.
The nominal compositions of the alloys used by Mallard 
et al. were 0 , 6 , 17, 34 , 50, 65 , 83 , 92 , and 100 atomic percent 
silver, but the actual compositions differed from the nominal 
compositions by up to 1 atomic percent. In calculating the 
frequency factors and activation energies, Mallard ejt al. neglected 
these deviations from the nominal compositions, but in the present 
work they were taken into account, in order to obtain the best 
possible accuracy.
The procedure was as follows. Arrhenius equations
D e-Q/RT
were fitted to the diffusion coefficients for each nominal 
composition, by carrying out linear least-squares regressions of l/T
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on logD . Prom these results, graphs of logD against N were drawnAgfor several temperatures. The measured values of logD were 
corrected to the nominal compositions by using values of 3(logD)/dNAgtaken from these graphs. Arrhenius equations were then fitted to 
the corrected data. Prom the deviations of the experimental data 
from the lines of best fit it was estimated that the random error in 
the diffusion coefficients was 3*5$ (standard deviation).
The values of Q and D^ obtained are shown in table 1 .
These values differ considerably from those obtained by Mallard 
et al.. The differences are large in view of the facts that the 
standard deviation of Q is of the order of 0.5 kcal/mole and the 
standard deviation of logDQ is of the order of 0.1 . The corrections 
for deviations from nominal compositions are not large enough to 
account for the discrepancies.
For convenience in computation, it was desirable to
express the tracer diffusion coefficients as simple functions of N
It was found that both logD (at any fixed temperature) and Q could
be adequately represented as quadratic functions of N. , or,
equivalently, of the more convenient variable N » 0.5- NAg
A convenient temperature at which to evaluate logD is 
837.9°C, where 10^/t « 0.9« This temperature is near the middles 
of the temperature ranges used by Mallard et_ al., and therefore 
accurate values of logD can be obtained from the Arrhenius 
equations. Quadratic equations were fitted to logD and Q (see
figs. 2 and 3) • These equations were combined to obtain the
*
Ag 9
Ag
following expressions for logD*_ , logD*^ , and log(D*^/D*%) :*}Ag
*V
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T r a c e r NAAg
I>0 (cm / s e c ) Q (k c a l /m o le )
T h is  work M a l la rd T h is  work M a l la rd
Ag 0 .0 0 0 .0 7 9 4 3 0 .0 7 2 4 0 .4 2 1 3 4 0 .2 0
0 . 0 6 0 . 0 7 6 3 3 0 .0 7 2 40 .4033 4 0 .2 6
0 .1 7 0 .0 9338 0 .0 9 4 1 .1 3 0 3 4 1 .0 2
0 .3 4 0 .1 0 4 6 0.11 4 1 . 6 6 9 9 4 1 .7 3
0 . 5 0 0 .2 0 0 3 0 .1 9 4 3 . 3 0 3 2 43 .11
0 . 6 5 0 .3 0 0 7 0 .2 3 44 .1191 4 3 .5 4
0 . 8 3 0 .4 3 7 7 0 .3 2 4 4 . 6 8 2 9 4 4 . 0 5
0 . 9 2 0 . 6 1 8 7 0 .5 2 4 5 .1 7 4 7 4 4 .7 9
1 .0 0 0.4471 0 .4 9 4 4 .2 9 1 0 4 4 .4 7
Au 0 .0 0 0 .0 8 8 4 0 0 . 0 9 4 1 .6418 4 1 .7
0 .0 6 0 .07096 0 . 0 9 4 1 .4 3 5 7 4 2 .0 8
0 .1 7 0 .1 1 2 7 0 .1 2 4 3 .0109 4 3 . 0 5
0 . 3 4 0 .2 0 2 6 0 .1 7 4 4 .9018 44.51
0 . 5 0 0 .2 5 2 3 0.21 4 5 .7 4 1 0 4 5 . 2 8
0 . 6 5 0 .6 1 7 7 0 .3 5 4 7 . 9 6 7 2 4 6 .6 7
O. 8 3 0 .4436 0 .4 8 4 7 .1362 4 7 .3 0
0 .9 2 0 . 7 3 7 8 0 . 8 2 4 8 .1691 4 8 .3 0
1 .0 0 1 . 2 0 3 0 O. 8 5 4 9 . 0 7 3 0 4 8 .2 8
T ab le  1 • F re q u e n c y  f a c t o r s  and a c t i v a t i o n  e n e r g i e s  f o r  
t r a c e r  d i f f u s i o n  i n  s i l v e r - g o l d  a l l o y s .  The v a lu e s  
f o r  s e l f - d i f f u s i o n  in  s i l v e r  and  g o ld  w ere o b ta in e d  
from th e  r e s u l t s  o f  Tomizuka and S onder  (1956) and 
M akin, Rowe, and  Le C l a i r e  (1 9 5 7 )•
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log D
Fig. 2. LogD^ and logDAu at 103/T - 0*9 •
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Pie. 3. and QAu
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logD* - 10.7936 + 0.0231N + 0.6297N2
A j  0
+ (0 .9  -  i Ct / t )(9 .4334 -  1.O615» -  0.5922» ) 
logD* -  TÖ.3975 + 0.3346N + 0.7760H2
AU p
+ (0 .9  -  1 o v t ) (10.0606 -  1.6196» -  0.9516» )
log(D* /D*u ) -  0.3961 -  0 .3 1 1 5 » -  0 .1463»2
-  (0 .9  -  10^ /t ) (0.6272 -  0.5581» -  0.3594N2)
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§3. EXPERIMENTAL PROCEDURE.
The silver-gold system was chosen for the investigation of 
the vacancy-flow effect because it has a single fee phase, the 
tracer diffusion coefficients are known over the whole composition 
range, and the tracer diffusion coefficients are suficiently 
different to give a large Kirkendall shift (D /d ~2*5). InAf$ AU
addition, the calculations are simplified by the fact that the mean 
molar volume may be regarded as constant, since it varies by only 
0.75# over the entire composition range.
In order to obtain a large Kirkendall shift and the best 
possible accuracy in determining the integrals of the concentration- 
distance graphs, the diffusion couples were made by welding pure 
silver to pure gold.
§3.1. Preparation, Welding, and Annealing 
of Diffusion Couples.
Testing of Welding Procedure.
Silver and gold of 99*999# purity were obtained from 
Johnson, Matthey & Co. The silver was supplied in the form of 
polycrystalline rods 7mm in diameter, and the gold in the form of 
rods 3mm in diameter. Some of the gold was melted and cast into a 
rod 7mm in diameter, and annealed for 12hr. at 900°C. One of the 
silver rods, as supplied, was also annealed for 12 hr. at 900°C.
The annealed gold and silver rods were cut by spark 
erosion into 3mm lengths, the end faces of which were spark planed.
The following methods for final preparation of the end faces for 
welding were used :
[1] Ultrasonic cleaning in hexane and methanol, followed by 
annealing under vacuum for 15min at 600°C.
[2] Grinding on an abrasive "stone" consisting of 600 silicon 
carbide in an epoxy matrix, polishing on a similar "stone" 
containing 2600 alumina as the abrasive, and annealing 
under vacuum for I5®in at 600°C . The lubricant used in 
the grinding and polishing was water, and the stones were 
kept flat and free from clogging by lapping together. The 
polished faces of the silver and gold were flat to within
•
[3] Grinding and polishing on abrasive stones, annealing under
vacuum for 15min at 600°C, and light etching in a 
solution of NaCN and 0^ ^  vols. saturated NaCN,
1 vol. 27$ H2°2 ’  ^v°ls* water) .
The device used for applying pressure during welding is 
illustrated in fig. 4. The main body of the apparatus consists of 
a stainless steel tube -Jin. in diameter and I7in. in length. A 
stainless steel plate 1/& in. thick and 1 in. in diameter is 
suspended 1-Jin. below the bottom of the tube by three l/8in. 
stainless steel rods. A spring-loaded plunger of 5/l6in. stainless 
steel tubing passes down the centre of the main tube. The diffusion 
couple, sandwiched between two smoked silica discs, is placed on the 
bottom plate, and the force of the plunger is transmitted to the 
uppermost silica disc by a short length of alumina tubing. 
Temperature is measured by a platinum : 10$ rhodium-platinum 
thermocouple placed adjacent to the diffusion couple.
The welding was carried out as follows. The diffusion 
couple was assembled and placed in the welding device, and the
Adjusting screw
' Spring
Alumina tube 
Silica disc 
Couple 
Silica disc
Thermocouple
Fig. 4. Welding device
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required pressure was applied. The welding device was then placed 
in a silica tube connected to a vacuum system with an ultimate 
pressure of about 10 torr, and pumped for about 12 hours. Heat 
was then applied by raising a furnace around the lower part of the 
welding device. Vacuum pumping was continued during the welding 
process.
Welding was carried out at the temperature (about 905°C in 
most cases) at which the diffusion annealing was to be carried out. 
The temperature, as measured by the thermocouple, was about 40°C 
below the final equilibrium temperature after heating for 5min > and 
about 5°C below the equilibrium temperature after 10 min . The 
temperature of the diffusion couple probably lagged somewhat behind 
this. After 30min , the welding device was removed from the furnace.
Trial weldings were carried out on several couples. After 
welding, each couple was sectioned longitudinally (i.e., at right 
angles to the interface) , and one of the faces thus exposed was 
polished, etched, and examined under the microscope to determine the 
quality of the weld.
All of the test couples showed some regions of poor 
welding. In these regions, there was an easily visible composition 
discontinuity between the silver and the gold. In most of the 
couples, the poor welding was mainly confined to the periphery of 
the interface between the silver and gold.
Pressures ranging from 3 to 12 kg/cm^ (calculated from the 
amount of compression of the spring in the welding device) were 
applied during welding. It was found that the pressures above about 
6 kg/cm^ produced no improvement in the quality of the weld.
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Preparation, Welding, and Annealing of Diffusion Couples,
The diffusion couples to be used for measuring the 
vacancy-flow effect were more carefully prepared than those used for 
testing of the welding procedure. The silver and gold were etched 
to remove any surface contamination, and were cast into ingots 8mm 
in diameter by melting and slow solidification in "Purox" 99*7$ 
alumina tubes, which had previously been boiled in aqua regia. The 
silver ingots were made under vacuum, and the gold in air. After 
removal from the alumina tubes, the ingots were annealed for 12hr. 
at 900°C* The gold ingot was a single crystal, and the silver ingot 
consisted of a few large grains.
The gold and silver ingots were cut by spark erosion into 
3mm lengths, the end faces of which were spark planed. Seven 
diffusion couples were prepared. The method of surface preparation, 
the type of interface marker, and the welding pressure used for each 
sample are shown in table 2 • The two types of marker used were 
tungsten wires of 6 y. diameter and carbon fibres of about 10ji 
diameter.
2The first two couples were annealed in argon at 0.5 kg/cm . 
The annealing times and temperatures are shown in table 2 . After 
annealing, both couples showed regions of severe porosity in the 
silver-rich part of the diffusion zone. This porosity is caused by 
accumulation of vacancies, and is normal in diffusion couples in 
which a large vacancy flow has occurred. Couple (l) was so 
weakened by the porosity that it broke during sectioning. In couple 
(2) , large composition discontinuities occurred in the porosity 
zone.
Barnes and Mazey (1958) have shown that the application of
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pressure during diffusion reduces or eliminates the formation of 
porosity. Therefore, the annealing of couples (3) - (7) was carried 
out under pressure. Ideally, the pressure should "be hydrostatic, 
hut it was found that satisfactory results were achieved hy simply 
leaving the couple in the welding device during the whole of the 
annealing. Considerable porosity still developed in the couples, 
but not enough to seriously weaken them. The changes in the 
diffusion coefficients due to the applied pressures (Meyer 1969) 
were calculated to be negligible ( ~ 0.05$) •
It was noted that during the annealing of couples (3) and 
(4) , the gold half of each couple suffered considerable distortion* 
However, the diffusion zone, being harder than the pure gold, was 
not much affected. By annealing a sample of pure gold in the 
welding device, it was found that a non-hydrostatic pressure of 
6.0 kg/cin caused negligible distortion (0.2$ reduction in length 
after 24hr. at 905°C) . Therefore, the non-hydrostatic part of the 
pressures used in annealing couples (5) - (7) was kept at or below 
this value.
In the combined welding and annealing of couples (3)- (7)> 
the system was kept under vacuum for the first 15min , and then 
argon at 0.5 kg/cm was introduced in order to minimize evaporation 
of the silver. The temperature was controlled to within ± 2°C.
The temperatures shown in table 2 are the average temperatures, 
neglecting the first 30min of the annealing.
After annealing,couples (4) and (7) were cut in halves 
longitudinally. One half of each was retained for analysis, and the 
other half i^SfiP-^giiVen a.J'uj^ bher annealing as shown in table 2.
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§3*2. Analysis of Diffusion Couples.
After annealing, the diffusion couples were sectioned 
longitudinally. The faces thus exposed were polished,and analysed 
with an electron raicroprobe (Japan Electron Optics Laboratory,
Model JXA — 3A) •
Calibration of Microprobe.
The principle of operation of the electron microprobe ie 
as follows. A beam of high-energy (typically ~ 20 keV) electrons is 
focused on the on the surface to be- analysed, and characteristic 
X-rays of the elements present are excited. The intensity of any 
X-ray line is roughly proportional to the concentration of the 
element producing it.
The electron beam can be focused to a spot about 2p in 
diameter, and penetrates about 1 p into the specimen. The X-rays 
are therefore emitted from a volume of a few cubic microns. In 
traversing this volume, some of the X-rays are absorbed, and some 
lines are enhanced at the expense of others by fluorescence. 
Theoretical corrections can be made for these effects, but the most 
accurate results are obtained by calibrating the instrument from a 
series of standards of known composition.
Using an accelerating voltage of 20kV , the intensity of 
the gold La line was measured for pure gold and pure silver, and 
for alloys containing 20 , 40, 60, and 80 weight percent silver.
The intensity for pure silver was taken as background, and was 
subtracted from all the readings. The "relative intensity" for each 
alloy was then calculated by dividing the intensity for that alloy 
by the intensity for pure gold.
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In each calibration run, 200-sec X-ray counts were made 
for each composition. The count rate ranged from about 50 counts/^ec 
for pure silver to about 3000 counts/sec for pure gold. Correction 
for drift was made by taking readings on pure gold and silver at 
both the beginning and the end of the run, and assuming linear drift.
A total of 6 calibration runs was made. It was found that 
the weight percent could be adequately represented as a quartic 
function of the relative intensity. The function was fitted to the 
data by least squares.
The L a  line of silver was also measured during the 
calibration runs, and a calibration function was similarly fitted. 
(Simultaneous observation of two X-ray lines is possible.) The 
following calibration functions were obtained :
AuLoct W - 100(1- R)[1- R(0.0489R2 - 0.0112R + 0.1221)]
AgLoc: W « 100R[ 1 + (1 - R)(0.8943R2 - 1.8071R + 1.5083)]
In these equations, W is the weight percent of silver, and R is the 
relative intensity.
In the analysis of the diffusion couples, it was found 
that the AuLoc line provided the more reliable measure of 
composition over most of the composition range. The AgLoc line was 
used only for alloys containing less than 5 atomic percent 
silver.
Analysis of Diffusion Couples.
Diffusion profiles (graphs of composition against 
distance) were obtained by carrying out 40-sec analyses at about 60 
positions, equally spaced along a line perpendicular to the original
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interface of the couple. In order to average out the effects of 
surface irregularities, the electron beam was electrically scanned 
during each analysis along a line parallel to the original interface. 
The length of this line was about 10 jul , and 8 sweeps along it were 
completed in each 40-sec analysis. Distances were measured with the 
micrometers that moved the specimen stage. The position of impact 
of the beam during each analysis was observed through an optical 
microscope. The uncertainty in the position of the region being 
analysed was estimated at ±1 jjl.
The analysis procedure described above was tested by 
applying it to an undiffused couple consisting of pure silver in 
contact with pure gold. The measurements showed the presence of a 
considerable amount of silver on the gold side of the couple, and, 
to a lesser extent, gold on the silver side. This was apparently 
due to smearing of material across the interface during polishing.
Surface preparation.
The first step in the polishing of the undiffused couple 
had been grinding on 600 silicon carbide paper. It was evident from 
visual inspection of the ground surface that considerable smearing 
was taking place during grinding. Therefore, this step was 
eliminated, and replaced by spark planing. A spark-planed surface 
was analysed with the raicroprobe, and although accurate measurements 
were impossible because of the roughness of the surface, it appeared 
that the amount of smearing was small.
The couple was held for spark planing by soldering to the 
end face of a brass cylinder -^in. in diameter and -J-in. in length. 
After being soldered to the cylinder, the couple was machined to a 
cylindrical shape for convenience in subsequent polishing (see fig. 5a).
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Diffusion couple 
Bräös cylinder
(b)
Adjusting
screws
1
Diffusion
couple
Fig. %  Mounting of specimen for spark planing and polishing,
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After spark planing, the couple was mounted for polishing 
in a perspex holder. By means of screw adjustments, the face of the 
couple was positioned flush with the surface of the holder (see fig. 
5b).
Various methods of polishing the spark-planed specimens 
were tried. The abrasives used were diamond, silicon carbide, alpha 
and gamma alumina, cerium oxide, magnesium oxide, and rouge. All 
produced considerable smearing of the surface. The apparent 
concentration of sUvor in gold in the undiffused couple was usually 
between 2 and 4 atomic percent near the interface, and dropped to 
about half this value at 200^ from the interface. Various 
different polishing methods, such as vibratory polishing, polishing 
combined with chemical or electrolytic attack, and polishing under 
liquid nitrogen were tried, with no improvement in the results. A 
polishing method developed for preparation of ore specimens for 
microprobe analysis (Taylor and Radtke 1965) was tried without 
success. It was concluded that mechanical polishing of silver-gold 
couples could not be carried out without causing unacceptably large 
amounts of surface smearing.
The problem of surface smearing during polishing was 
solved by removing the smeared layers of material by sputtering with 
argon ions. The method finally adopted consisted of the following 
steps t
[1] Spark planing.
[2] Sputtering.
[3] Polishing on Linde A 0.3/J>- alumina, first on napless nylon 
cloth, and finally on Buehler "Microcloth" .
[4] Sputtering.
The sputtering was carried out by placing the specimen on an 
aluminium plate which was the cathode of an electrical discharge in
92
argon. About 0.5/JL of silver was removed in each of the steps [2] 
and [4] • The rate of removal of gold was considerably less than 
that of silver.
In an undiffused couple prepared by the above method, the 
apparent concentration of silver in the gold was about 0.5 atomic 
percent near the interface, and dropped to 0.25 atomic percent at 
about 40^ from the interface. The fall-off in concentration 
appeared to be roughly hyperbolic. The apparent concentration of 
gold ip the silver was also about 085 atomic percent nsa? the 
interface, and dropped to 0.25 atomic percent at about 5a1 from the 
interface. These amounts of smearing were considered to be 
negligible.
The electron beam of the microprobe excited weak 
phosphorescence of the sputtered surfaces. By observing this 
phosphorescence, it was possible to keep the position of impact of 
the beam accurately centred on the cross-hairs of the optical 
microscope.
Effect of Porosity.
In evaluating the integral I^u for the determination of 
the Matano interface, the effect of the porosity was taken into 
account as follows. A photograph of the region under consideration 
was taken at a magnification of 200X . Prom this photograph, the 
total area and centre of area of the porosity was determined. I^u 
was calculated by imaging the pores to have coalesced to form a gap 
located at the centre of area of the porosity, and taking to be 
zero within this gap. If the porosity was not taken into account, 
the apparent Kirkendall shift was usually reduced by about 5$*
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§4. RESULTS.
§4.1. The Kirkendall Interface.
Well defined and fairly straight grain boundaries, 
perpendicular to the diffusion direction, were revealed in all of 
the couples by the sputtering process (see figs. 6 - 9) • These 
grain boundaries are formed by the welding together of the 
differently oriented gold and silver crystals« If they do not move 
relative to the lattice during diffusion, they mark the Kirkendall 
interface. The grain boundaries were used for this purpose by Meyer 
(1 9 6 8) , who did not use any other interface markers.
After the diffusion annealing had been carried out, the 
tungsten and carbon markers placed at the original interface were 
always several tens of microns to the silver-rich side of the 
interface grain boundary. Thus, the markers or the grain boundary, 
or both, must have moved relative to the lattice during the 
diffusion process.
In some isolated places, movement of the grain boundary 
obviously had occurred (see fig. 8) . But in every such case, the 
movement had been towards the silver. Movement in the opposite 
direction would be required to produce the observed separation 
between the grain boundary and the markers. A possible explanation 
for the grain-boundary configuration shown in fig. 8 is that the 
grain boundary has a tendency to grow towards the silver, but Is 
prevented from doing so over most of the interface by some factor 
such as the presence of dust particles accidentally included during 
the assembling of the couple.
MSß^
* -:3H*#*•■ :w 1■jjjr ^Asimm^km
mm$m
Pig. 6. Couple (4a ), 400X. Gold at top* arrows indicate markers.
Pig. 7. Couple (4a ), 200X. Gold at top; arrows indicate markers.
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P ig .  8 . Couple (4B ), 100X. Gold a t  to p ;  a rrow s i n d i c a t e  m arkers .
F ig .  9* Couple (7A), 100X. Gold a t  to p .
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Where the silver half of the couple consisted of two or 
more grains, the position of the interface grain boundary was the 
same for each of the silver grains. This would be unlikely if 
general movement of the grain boundaries were taking place, since 
the rate of movement could be expected to depend on the relative 
orientations of the grains.
For the above reasons, it was thought likely that the 
interface grain boundary remained fixed relative to the lattice, and 
was therefore the correct indicator of the Kirkendall interface.
§4.2. Porosity.
Fig. 10 is a typical diffusion profile. It can be seen 
from the increase in gradient in the porosity region that diffusion 
is impeded in this region. However, in both couples which were 
given two annealings, the centre of the porosity zone moved so as to 
remain at a constant composition. Therefore, the assumption that 
the diffusion coefficients are functions of composition only is 
probably not seriously invalidated by the occurrence of the porosity.
The porosity in couple (7A)was restricted to a narrow zone 
over much of the couple (see fig. 9)* Couple (7B)contained similar, 
though less extensive, regions. Porosity zones of this type were 
taken to indicate poor welding, as they were observed only around 
the periphery of the other couples.
In the vicinity of markers, the porosity often extended 
further towards the gold than usual. Two examples of this may be 
seen in each of figs. 7 and 8 .
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§ 4 .3 .  Num erical R e s u l t s .
At l e a s t  two d i f f u s i o n  p r o f i l e s ,  based  on d i f f e r e n t  s e t s  
o f  a n a ly s e s ,  were drawn f o r  each  c o u p le .  The r e s u l t s  o b ta in e d  a re  
shown in  t a b l e s  3 and 4 .
Table 3 shows th e  v a lu e s  o f  oc/s which a re  o b ta in e d  on the  
a ssum ption  t h a t  th e  i n t e r f a c e  g r a i n  boundary marks th e  K irk e n d a l l  
i n t e r f a c e ,  and t a b l e  4 shows th e  v a lu e s  o f  oc/s o b ta in e d  on th e  
a ssum ption  t h a t  th e  tu n g s te n  o r  carbon m arkers  mark th e  K i rk e n d a l l  
i n t e r f a c e .  The p o s i t i o n s  o f  th e  m arkers  were n o t m easured d i r e c t l y .  
I n s t e a d ,  th e  p o s i t i o n  o f  th e  g r a i n  boundary was measured d i r e c t l y  
d u r in g  each  s e t  o f  a n a ly s e s ,  and th e  p o s i t i o n  o f  the  m arkers was 
c a l c u l a t e d  from th e  averag e  d i s t a n c e  between th e  m arkers  and the  
g r a in  boundary .
The v a lu e s  o f  o c /s  p r e d i c t e d  by eqns. (13) and (14) a re  
1 .206 f o r  th e  couple  (c o u p le  ( 6 ) )  a n n ea led  a t  804°C , and 1.221 f o r  
the  co u p le s  an n ea le d  a t  904°C.
§ 4 .4 .  The E q u i l ib r iu m  P la n e .
For some o f  th e  d i f f u s i o n  p r o f i l e s ,  th e  p o s i t i o n  o f  the
e q u i l ib r iu m  p lan e  was c a l c u l a t e d  by u s in  eqn. ( 1 9 ) ,  and M anning 's
e x p re s s io n s  f o r  th e  i n t r i n s i c  d i f f u s i o n  c o e f f i c i e n t s  D. and D. .A g Au
When a v a lu e  o f  oc/s was c a l c u l a t e d  by assum ing th e  K irk e n d a l l  
i n t e r f a c e  to  be a t  th e  e q u i l ib r iu m  p la n e ,  i t  always ag reed  w ith  th e  
t h e o r e t i c a l  v a l ^ i g ^ w i t W ^ J ^ ^ T h a t  i s ,  th e  th e o ry  i s  
i n t e r n a l l y  c o n s i s t e n t .  S im i la r  i n t e r n a l  c o n s i s te n c y  was o b ta in e d  by 
u s in g  D arken ' s  e q u a t io n s  in  c o n ju n c t io n  w i th  eqn. (19)  .
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Couple
&
Analysis
Number
M
o
(
I
xdNA
)
( / * )
nmi
G
0
(
B
n
x dN. A
)
(/<•)
k o b ^GB X0B
( ^ )
oc
S
3 . 1 1 0 9 . 1 . 4 5 4 9 9 . 6 . 6 1 0 2 . 4 7 8 1 2 1 . 6 1 . 3 0 2
3 . 2 1 0 8 . 9 . 4 5 2 1 0 0 . 3 . 6 0 0 2 . 4 6 3 1 1 5 . 5 1 . 2 4 8
3 . 3 10 7 . 8 . 4 5 6 9 8 . 7 . 6 0 9 2 . 4 7 7 1 1 8 . 9 1 . 2 8 8
4A.1 10 7 . 6 . 4 5 2 9 9 . 5 • 5 9 5 2 . 4 5 4 1 1 2 . 4 1 . 2 3 5
4 A .2 1 0 7 . 2 . 4 5 4 9 8 . 9 . 5 9 9 2 . 4 6 0 1 1 3 . 5 1 . 2 4 7
4B.1 16 1 . 6 .4 5 3 15Ö.Ö • 592 2 . 4 5 0 1 6 5 . 7 1 . 2 1 2
4 B . 2 1 6 1 . 3 . 4 5 0 1 4 8 . 9 • 596 2 . 4 5 6 1 7 0 . 9 1 . 2 5 2
5 .1 1 0 6 . 3 . 4 4 6 9 8 . 8 . 5 8 5 2 . 4 3 9 1 0 8 . 2 1 . 2 1 6
5 . 2 1 0 5 . 4 . 4 4 5 9 7 . 2 • 5 9 3 2 . 4 5 1 1 0 9 . 9 1 . 2 4 0
6 . 1 6 7 . 4 . 4 5 5 6 1 . 3 . 6 1 6 2 . 8 1 6 7 6 . 5 1 . 1 6 7
6 . 2 6 7 . 6 .4 5 1 6 1 . O . 6 2 0 2 . 8 2 3 7 7 . 8 1 . 1 8 5
7A.1 5 2 . 5 . 4 6 4 4 7 . 1 . 6 3 8 2 . 5 1 7 6 1 . 6 1 . 3 3 4
7 A .2 5 1 . 5 .4 6 1 4 7 . 2 . 6 1 5 2 . 4 8 4 5 5 . 9 1 . 2 5 4
7B.1 1 1 1 . 1  * . 4 6 0 9 9 . 5 . 6 3 4 2 . 5 1 1 1 3 2 . 7 1 . 3 7 1
7 B . 2 1 1 0 . 4 . 4 6 2 1 0 0 . 2 . 6 2 4 2 . 4 9 7 1 2 5 . 1 1 . 3 0 3
Table 3. Numerical results, with oc/s calculated
under the assumption that the grain boundary
marks the Kirkendall interface. MI = Matano
interface, GB = grain boundary, N ^  - value
of N, at MI, N_-j - value of N. at GB.A g GB A g
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Couple
&
Analysis
Number
Mean
d i s t a n c e  
M -  GB
W
1
( j
(
a.
n
x  dNA A
} (/0 00
|
a
S
3.1 12 9 7 .6 .625 2 .5 0 0 1 3 3 .7 1 .426
3 . 2 9 8 . 5 .6 1 4 2.481 127 .5 1 .3 7 4
3 . 3 9 6 . 8 .623 2 .4 9 7 130 .9 1 .4 1 4
4A.1 29 9 4 . 2 .6 3 4 2.511 1 4 1 .4 1 .5 4 2
4A.2 9 4 . 2 .6 3 5 2 .5 1 3 142 .6 1 .552
4B.1 31 1 4 5 .4 .618 2 .4 8 8 1 9 6 .0 1.421
4B.2 14 3 . 9 .622 2 .4 9 4 201 .8 1 .4 6 8
5.1 44 9 1 . 4 .642 2.521 15 2 .2 1.691
5 . 2 8 9 . 3 .6 5 4 2 .5 3 8 15 3 .9 1 .718
6.1 20 5 7 .5 .6 6 0 2 .8 9 9 9 6 . 5 1 .4 5 4
6 . 2 57.1 .664 2 .9 0 7 9 7 . 8 1 .473
7A.1 ■ 18 4 3 . 5 .6 9 0 2 .5 9 3 7 9 .5 1 .7 1 5
7A.2 4 4 . 0 .6 6 5 2 .556 7 3 .9 1 .642
7B.1 31 9 3 . 3 .676 2 .5 7 0 163 .8 1 .6 8 6
7B.2 9 4 . 5 .666 2 .5 5 6 15 6 .2 1 .6 1 5
Table 4. Numerical results, with o c /s
calculated under the assumption that the
markers mark the Kirkendall interface.
M - Marker, N„ » value of N, at M .M k g
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§5. DISCUSSION OP RESULTS.
§5.1» Quality of Welding.
In most of the couples, the value of N at the interfaceAg
grain boundary varied by less than ±0.005 over the whole of the
interface, and by less than ±0.0025 over most of the interface.
However, in couples (?A) and (7B), the value of N at the interfaceAg
grain boundary showed a variation of ±0.01 .
The value of the quantity
MI
I dNAg
u0
for couple (7A) should be half the value for couple (7B), since the 
diffusion times are in the ratio f*4. However, it can be seen from 
table 3 that the value for couple (7A) is significantly less than 
half the value for couple (7B).
The above facts support the conclusion reached in §4.2 
that the welding in couple (7) was unsatisfactory. Therefore, the 
results from couple (7) were rejected.
§5.2. Discussion of Errors.
It was estimated that with given calibration curves for 
the microprobe, each determination of o c /s  was subject to an error 
of about ± 2% (standard deviation). Errors in the calibration 
curves might give rise to a further error of ±1$ in o c /s .
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Another p o s s i b l e  source  o f  e r r o r  i s  i n  the  v a lu e  o f  
DAg/ D Au • Meyer (1969) measured a 'k a t e m p e ra tu re  of
950°C w i th  N « 0 .5  • The r e s u l t  o f  t h i s  measurement was 
A g
D. /  D4 * 2 .2 6 2 ±  1 .2 ^  . The r e s u l t s  o f  M al la rd  e t  a l .  ( s e e  §2 ) kg'  Au ---------v '
give  a v a lu e  2$ lower th a n  t h i s .  I f  th e  r e s u l t s  o f  M al l a rd  et_ a l . 
a re  i n  e r r o r  by a s i m i l a r  amount a t  904°C and 60 a tomic  p e r c e n t  
s i l v e r ,  th e n  the  v a lu e s  o f  oc/s f o r  coup les  (3)» (4) ,  (5)> and (7) 
i n  t a b l e  3 shou ld  be reduced  by 2$. However, s in c e  t h i s  i s  r a t h e r  
s p e c u l a t i v e ,  we s h a l l  keep to  th e  v a lu e s  o f  D / D  g iven  i n  §2
A g  A '- !
and assign an error of ±2% to these values. These errors give rise
t o  c o r r e sp o n d in g  e r r o r s  o f  ±2$ i n  o c / s .
»
§5.3«  R e s u l t s  from th e  Grain-Boundary  I n t e r f a c e .
Low-Temperature Couple.
The couple  an n ea le d  a t  804°C, couple  ( 6 ) ,  was th e  o n ly  one 
to  show v a l u e s  o f  oc/s s i g n i f i c a n t l y  below the  v a lu e  p r e d i c t e d  by 
Manning’s t h e o r y .  At t h i s  t e m p e r a t u r e ,  d i f f u s i o n  a long  d i s l o c a t i o n s  
may make a s i g n i f i c a n t  c o n t r i b u t i o n  to  th e  t o t a l  d i f f u s i o n .  I f  
d i f f u s i o n  o f  atoms a lo n g  d i s l o c a t i o n s  does no t  in v o lv e  d i f f u s i o n  o f  
v a c a n c i e s  i n  th e  o p p o s i t e  d i r e c t i o n ,  then  the  o v e r a l l  f low o f  
v a c a n c ie s  would be r e l a t i v e l y  s m a l l e r  i f  some o f  the  d i f f u s i o n  were 
o c c u r r i n g  v i a  d i s l o c a t i o n s .  Th is  would e x p l a i n  th e  low v a lu e s  o f  
a / s  .
Other  Couples.
The mean v a l u e s  o f  oc /s  f o r  the  couples  (3)» (4A), (4B),  
and (5) a re  r e s p e c t i v e l y  1.279» 1 .241 ,  1 .232 ,  and 1 .228.  The v a lu e s  
f o r  oouplee (4A), (4 S ) ,  and (5 )  a w e l l  w i th  the  t h e o r e t i c a l
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value of 1.221 , but the value for couple (3) is considerably too 
high.
It was noticed that for different analyses of a given 
couple, there is a correlation between high values of N~_ and high
CrB
values of oc/s. For couple (3), the higher values of oc/s are 
associated with a value of N of about 0.610. By making a series 
of analyses along the interface grain boundary, it was found that 
this value was typical, and that the value of 0.600 for couple (3*2) 
was unusually low. Thus, it was verified that the high results 
obtained for couple (3) are typical of this couple, and are not high 
merely by chance.
The significantly higher value of oc/s for couple (3) 
probably indicates that the couple was faulty in some way, though 
there was no other evidence of this.
§5.4« Results from Tungsten and Carbon Markers.
The values of oc/s for the markers are all much higher 
than the theoretical value. The values are also extremely variable, 
the highest and lowest differing by 0.344. In contrast, the highest 
and lowest values of oc/s for the interface grain boundary differ by 
only 0.090 (for the couples annealed at 904°C). This is further 
evidence that the grain boundary remains fixed in the lattice while 
the markers move through the lattice.
Little pattern can be seen in the distances of separation 
of the markers and the grain boundary. The distance is not 
correlated with method of surface preparation or pressure applied 
during annealing. In couple (7), the distance increased roughly as
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/t , but in couple (4) the additional annealing produced no 
significant increase in distance.
The distance from the markers to the grain boundary is 
considerably smaller in couple (3) than in the other couples. This 
may be due to the smaller diameter of the markers used. However, 
the markers in couple (3) also differed from the other markers in 
composition and shape (the carbon markers had irregular 
cross-sections, whereas the tungsten markers were round), and so it 
cannot be conclusively stated that the smaller distance moved was 
the result ef the smaller diameter alone*
Mechanism for Movement of Markers through Lattice.
It was noted in §4.2 that porosity is often enhanced 
on the silver side of the markers. This suggests that a 
more-than-average number of atoms may be moving away from this 
region. This could cause local collapsing of the lattice, which 
would cause the marker to move towards the silver end of the couple. 
However, there is no apparent reason why such an effect should 
occur.
The mechanism of movement of the markers through the 
lattice (if, indeed, such movement does occur) remains an unsolved 
problem.
§5» 5» Relation to the Models Discussed in Part I.
In the present experiments, the composition and the 
diffusion coefficients at the Kirkendall interface have values which 
give poor discrimination between Manning's model and the model [S2]
d e v e l o p e d  i n  P a r t  I  ( s e e  f i g .  10,  P a r t  i ) .  The v a l u e  o f  oc/s 
p r e d i c t e d  by M a n n in g ' s  model  i s  1 .2 2 1 ,  and t h e  v a l u e  p r e d i c t e d  by 
model [ S 2 ]  i s  1 . 2 1 5 *  The e x p e r i m e n t a l  e r r o r  i n  t h e  p r e s e n t  
m easurem en t  o f  o c / s  i s  to o  l a r g e  t o  a l l o w  d i s c r i m i n a t i o n  be tween  
t h e s e  v a l u e s .
§ 5 * 6 .  Compar ison w i t h  R e s u l t s  o f  O th e r  I n v e s t i g a t i o n s .
There  a r e  two p u b l i s h e d  r e p o r t s  o f  a c c u r a t e  i n v e s t i g a t i o n s
of the vacancy-flow effect.
Meyer ( 1969) measured  t h e  K i r k e n d a l l  s h i f t  o f  t h e
g r a i n - b o u n d a r y  i n t e r f a c e  i n  s i l v e r - g o l d  d i f f u s i o n  c o u p l e s .  The
c o u p l e s  were made f rom a l l o y s  c o n t a i n i n g  34 and 66 a to m ic  p e r c e n t
s i l v e r ,  and were a n n e a l e d  u n d e r  h y d r o s t a t i c  p r e s s u r e s  h i g h  enough t o
p r e v e n t  p o r e  f o r m a t i o n .  The m easu red  v a l u e s  o f  t h e  K i r k e n d a l l  s h i f t
a g r e e d  w i t h  t h o s e  p r e d i c t e d  by M a nn ing ' s  e q u a t i o n s  t o  w e l l  w i t h i n
, *
t h e  e s t i m a t e d  u n c e r t a i n t y  o f  ±5%* These r e s u l t s  a r e  c o n f i rm e d  by 
t h e  p r e s e n t  e x p e r i m e n t s .
* In  h i s  a n a l y s i s ,  Meyer i n c o r r e c t l y  assumed t h a t  t h e  c o m p o s i t io n
a t  th e  K i r k e n d a l l  i n t e r f a c e  was 50 a to m ic  p e r c e n t  s i l v e r .  The
c o r r e c t  f i g u r e ,  d e t e r m i n e d  by t h e  method o f  § 1 . 3 ,  i s  54 .6  a tom ic
p e r c e n t  s i l v e r .  When t h i s  f i g u r e  i s  u s e d ,  8N /d x  i s  r e d u c e d  by
*  *  T
5$,  and (DA^ - D Au) and (j) a r e  i n c r e a s e d  by 3^ and 1$,  r e s p e c t i v e l y .  
Hence,  t h e  p r e d i c t e d  K i r k e n d a l l  s h i f t  i s  d e c r e a s e d  by 1$.  Thus, 
M eyer ' s  f i n a l  r e s u l t  i s  n o t  s e r i o u s l y  i n v a l i d a t e d  by t h i s  e r r o r .
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Kohn, Levasseur, Philibert, and Wanin (1970) measured the 
Kirkendall shift of sillimanite fibres in iron-nickel and 
iron-cobalt diffusion couples. The measured shifts were 
significantly greater than those predicted by Manning's theory.
The present experiments suggest that the large shifts 
observed by Kohn e_t al. may have been due, at least in part, to 
movement of the markers relative to the lattice planes.
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§ 5.7« Conclusions,
Interface markers and the interface grain boundary have 
been found to become separated in a Kirkendall-shift experiment.
The weight of evidence favours the idea that the interface grain 
boundary remains fixed relative to the lattice, and is therefore 
the true indicator of the Kirkendall interface. This implies that 
the markers must move through the lattice. The mechanism of this 
movement is not known.
Values of oc/s were calculated on the assumption that the 
the interface grain boundary marks the Kirkendall interface. All of 
the results were in closer agreement with the theory of Manning 
(1967b) than with the earlier theory of Darken (1948), which did not 
take the vacancy-flow effect into account.
Six diffusion couples were annealed at a temperature 
sufficiently high to make the effects of diffusion along 
dislocations negligible. The values of oc/s obtained from three of 
these couples were in good mutual agreement. The mean of these 
values was 1.234±0.03 , which is in good agreement with Manning's 
theoretical value of 1.221 .
The method used has been shown to be capable of giving 
very accurate measurement of the vacancy-flow effect. The factors 
limiting the accuracy of the present experiment were the difficulty 
of obtaining reproducible diffusion couples, and the uncertainty 
in the ratio of the tracer diffusion coefficients.
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A 27 f(i ,i') 9
B 27 PsT ’ P8+ ’ P8ß 33
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*
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